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Abstract. We construct a diffeomorphism preserving a non-hyperbolic measure whose
pointwise dimension does not exist almost everywhere. In the one-dimensional case we
also show that such diffeomorphisms are typical in certain situations.

1. Introduction
We consider an ergodic measure w invariant under a diffeomorphism f of a compact
Riemannian manifold M. Such a measure w is called hyperbolic if all its Lyapunov
exponents are different from zero. The main goal of this paper is to show that hyperbolicity
of a measure is essential for existence of its pointwise dimension.

We recall that the pointwise dimension at a point x of a Borel measure @ on a metric
space X is defined as the following limit:

d,(x) = lim log u(B(x, r))
r—0 10g r
where B(x, r) is a ball of radius r centered at x € X. This limit does not exist in general.
However the upper and lower pointwise dimensions Eu (x) and d , (x) can be defined at
any point x as corresponding upper and lower limits.
The study of pointwise dimension of hyperbolic measures in [3] has led to the problem
known as the Eckmann—Ruelle conjecture. The complete affirmative solution of this
problem was obtained by Barreira er al [2] as follows.

THEOREM. Let f : M — M be a C'* diffeomorphism of a compact smooth
Riemannian manifold M. If u is a hyperbolic ergodic measure for f then the pointwise
dimension of | exists for p-almost every x € M and is constant.
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One may ask what happens if the requirement that u is hyperbolic is omitted.
The first result along this direction was obtained by Ledrappier and Misiurewicz in [7].
They constructed an example of a C"-smooth map of an interval preserving an ergodic
measure with zero Lyapunov exponent whose pointwise dimension does not exist almost
everywhere. For a discussion of the above results see [8].

In this paper, we consider circle diffeomorphisms with irrational rotation number which
are known to be uniquely ergodic and have zero Lyapunov exponent.

In §2 we prove the genericity of circle diffeomorphisms f with irrational rotation
number whose unique invariant measure u ¢ has lower pointwise dimension 0 and upper
pointwise dimension 1 for u -almost every point in § ! 'We also prove density of circle
diffeomorphisms with irrational rotation number and given lower pointwise dimension of
the unique invariant measure.

In §3 we show that circle homeomorphisms g with given upper and lower pointwise
dimension of the unique invariant measure ug are dense in the set of all circle
homeomorphisms with any given irrational rotation number.

In §4 we prove the genericity of analytic circle diffeomorphisms f with irrational
rotation number whose unique invariant measure u ¢ has lower pointwise dimension 0
and upper pointwise dimension 1 for u r-almost every point.

Let f be a circle diffeomorphism such that its unique invariant measure (s has
lower pointwise dimension 0 and upper pointwise dimension 1 for u s-almost every
point. Consider the direct product of a volume-preserving Anosov diffeomorphism
and f. It is easy to see that we obtain a partially hyperbolic diffeomorphism with
only one zero Lyapunov exponent. The product measure is ergodic with respect to this
diffeomorphism and its pointwise dimension does not exist almost everywhere. This shows
that hyperbolicity of the measure is crucial in the Eckmann—Ruelle conjecture.

2. Circle diffeomorphisms
We adopt the following notation. Denote by D} C Diff" (S') the set of all C” circle
diffeomorphisms with irrational rotation number (see [6] for a definition and properties of
rotation number).

Let Y™ C D) be the set of all C" circle diffeomorphisms f with irrational rotation
number satisfying the following properties:
(1) d,(x)=0andd,(x) = 1for u-ae x € S';
(2) dimy pu =dimgpu = 0and dimpp = 1;
where  is the invariant measure for f.

We recall the following definitions of Hausdorff, upper and lower box dimensions of a
Borel probability measure u:

dimy pu = inf{dimyg X : u(X) = 1},
dimpu = lim inf{dimp X : u(X) > 1 — ¢},
e—0

dimpp = 1imoinf{di_mgx (X)) > 1—¢}
E—>

(see [4] for a definition and properties of Hausdorff and box dimensions).
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Our main results for circle diffeomorphisms are Theorem 2.1, Corollary 2.1 and
Theorem 2.2.

THEOREM 2.1. For any 0 < r < oo, Y" is a residual subset of both D} and D_§
(the closure of D} in C"-topology).

Let D be the set of all C” circle diffeomorphisms with rotation number 7.

COROLLARY 2.1. For any 0 < r < oo, there exists a set T" C [0, 1] \ Q which is a
residual subset of [0, 1] such that forany v € T", Y™ N D7 is a residual subset of DZ.

Remark 2.1. Recall that a number t is called Diophantine if it satisfies the following
condition. There exist § > 0 and K > 0 such that for any p/q € Q,

K
It —p/ql > P

Let fbeaC 2+e circle diffeomorphism, where ¢ > 0, and its rotation number t satisfies
the Diophantine condition with some K > 0 and 0 < § < . Then f is conjugate to the
rotation by 7 via a C! diffeomorphism (see [5]). This implies that the pointwise dimension
of the invariant measure for f exists at every point x € S! and is equal to 1.

Note that for any § > 0 the set of all numbers satisfying the Diophantine condition
with some K > 0 has full Lebesgue measure. Therefore, the set 7" has zero Lebesgue
measure for any r > 2. We can also show that dimy 7" < 2/r for any 2 < r < 00, and
dimy T*° = 0.

The following theorem shows that any given number 8, 0 < 8 < 1, can be the value of
the lower pointwise dimension of the invariant measure for a circle diffeomorphism.

THEOREM 2.2. For any given 0 < 8 < 1l and 0 < r < oo the set of all C" circle
diffeomorphisms f with irrational rotation number satisfying the following properties:
@) gu(x) =8 andgﬂ(x) = 1for p-a.e.x € S';

(2) dimpypu =dimgp = B anddimpp = 1;

is a dense subset of Dj.

Note that the set of diffeomorphisms described in Theorem 2.2 is not residual.

We begin with a construction of a uniquely ergodic circle diffeomorphism which is
close to a given diffeomorphism and whose invariant measure p does not have pointwise
dimension almost everywhere. Our construction is closely related to the construction
in [6] of circle diffeomorphisms conjugated to rotations via maps with specific degrees of
regularity. The latter construction is based on a method developed by Anosov and Katok
in [1] to construct examples of diffeomorphisms with specific ergodic properties.

PROPOSITION 2.1. Let fy : S — S' be a C* circle diffeomorphism such that f, =
h;] o R, o hy, where hy is a C* circle diffeomorphism and Ry, is a circle rotation by t..

Then in any C® neighborhood of fy there exists a C™ diffeomorphism f : S' — S!
with irrational rotation number such that for its unique invariant measure |1, d, (x) =0

andgu(x) = 1for u-a.e. x € S.
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Proof. The desired diffeomorphism f will be obtained as a limit of a sequence of
diffeomorphisms f, = h,; Iy R, o h,, where 1, = p,/q, is a rational number and £,
is a C* diffeomorphism of S'.

The sequences t, and h, will be defined inductively as follows. We take hy = h, and a
rational number 7 close to 7. Once t,—1 = p,—1/qn—1 and h,_1 are chosen, we construct
h,, as the composition i, = A, o h,_1. The diffeomorphism A, will be constructed in the
form A, = Id + a,, where Id is the identity map and a,, is a 1/g,—1-periodic C*° function
on S! such that a,, is zero in disjoint neighborhoods of points k/g,—1, k = 1, ..., gn_1.
A particular choice of A, will be described later. Once A, is constructed we choose 7,, in
the form 7, = t,—1 + (1/K,qn—1), where K, is an integral number. We choose K, large
enough as follows to ensure C* convergence of diffeomorphisms f,, and C° convergence
of diffeomorphisms 4,,.

The CO distance between h, and h,_; (and between h, I and hn:]I) is bounded by
1/gn_1, the period of a,. Therefore the sequence of diffeomorphisms /,, converges in C°
topology to a homeomorphism i = lim,_, « &, if the sequence g, grows sufficiently fast.
This can be easily ensured by choosing K, large enough.

Since R, /4, , and A,’! commute due to the form in which A, is constructed we can
rewrite f; in the following way:

_ -1 _ -1 —1
fo=hy oRg 0hy=h_" 0A" oRp, /g, 10 Ri/Kug ©Ano0hni

o —1
- hnfl © anfl/qnfl ° An ° Rl/annfl o An o hn*l'

So we see that given a map A, in the described form we can choose K, so large that the
map A;l o Ri/K,q,_, © Ay is close to Id in C*°. It follows that we can make f;, as close
to fu—1 in C* as we wish. This allows us to choose any A, within described restrictions
and then choose K, so that the sequence f;, converges in C* and its limit f is as close to
fo as we wish. Taking ¢ close to 7, we can make f close to fi.

Note that for the diffeomorphism f the rotation number t = lim,_, « 7, is irrational
once K, grow to infinity. Indeed, suppose that t = p/g € Q. Then

P Pn_ P9n—qPn 1
T—Tpp=———=——>

dn q9n " qqn

On the other hand,
il 1

I & 1
T-=) ————— < — :
" ;qun+1"'Kn+i qdn ;K;l"rl

1
B Qn(Kn-H - 1)7

which contradicts the previous estimate if n is sufficiently large.

We now specify the choice of A,. Let u be the invariant measure for f. We note
that /4 is the distribution function of w, i.e. w([x1, x2)) = h(x2) — h(x1) for any interval
[x1,x2) C S'. Let Ah(x,r) = h(x +r) — h(x — r). Then

- . log Ah(x,r)
dy(x) = limsup ——
r—0 logr

log Ah(x,r)

d d = lim inf
and - d,,(x) 1;11—351 logr

We think of A, and a, as C* functions on the unit interval. Recall that a,, is periodic
with period s, = 1/g,—1 and A,, is monotone. We would like to concentrate most of the
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growth of A, on a set En = U?;‘l' I,’;, where I,i is a subinterval of (i — 1)/qn—1,1/qn—1)
of length d,,. More precisely, we choose A, such that on each I! it is linear with the slope
d; sy (1 —27m),

Let E,, be the preimage of E,, under h,,_;. Then h,(E,) = A, (E,,) and hence
pn(Ep) > 1—=27" (D

where 1, is the measure with the distribution function #,,.
Now we will show how to choose a length d,, and two ‘scales’ r,, and 7, n > 0, such

that
log Ah, (x, 1
w < fOr any x c En’ (2)
logr, n
log Ahy,(x, T, 1
w >1—— foranyx € [0, 1]. 3)
log 7, n

This means that for the measure w,, the pointwise dimension ‘on the scale r;,’ is less than
n~! on a set of Wn-measure at least 1 — 27" and ‘on the scale 7, it is at least 1 — n~L
Let us introduce the following notations:
Mmuy—y =minh, , and M,_; =maxh,_,.
[0,1] [0,1]
Note that the set E, consists of g,—1 intervals whose lengths are bounded above by
dy /my—1. It follows that for r,, = d,/m,—1 and any x € E,,

log Ahy(x, rn) < log(s,(1 —27")) o
logry logd, — logm;,_1 d,—0

so we can take d, so small that (2) holds. This completes the description of the choice of
d,, and r,, and the construction of A,,.
Note that Ah, (x, r) < 2rM,,. This implies that

log Ahy(x,r) _—— log(ZMn).
logr logr
Since log(2M,,) /logr — 0 as r — 0, there exists 7, satisfying (3).
The distance between h, and A is bounded by Z;’in 1/gi. Since K;, i > n, can be

taken as large as we wish we may assume that / is so close to £, in C° topology that the
following properties hold true for the limit function #:

W(Ey) > 1 =27, (1)
log Ah(x, 2
OgT(:rn) < - for any x € E, 2)
n
log Ah(x, 7 2
OgT(rf”") >1— > foranyx € [0, 1] 3"
n

Thus for any n > 0, there exists a set E, and two ‘scales’ r,, and 7, satisfying (1")—(3").
Obviously ry,, 7, — 0asn — oo.

Take x € [0, 1]. If for any N > O there exists n > N such that x € E,,, then gﬂ(x) =0
and d,, (x) > 1.
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Otherwise, x € J = Ui Mien (10, 11\ E,). However (=, ([0, 11\ Ep)) = 0
by (2). Hence u(J) = 0 and we conclude that for u-almost all x € st Qu (x) =0and
dy(x) > 1.

It remains to note that Eu (x) < 1, u-almost everywhere. This fact is probably well
known and we include the following lemma for the sake of completeness.

LEMMA 2.1. Let u be a Borel probability measure on S'. Then Eﬂ (x) < 1 for p-a.e.
x e Sl

Proof. The function Eu (x) is measurable. If Eu (x) > 1 on a set of positive measure, then
there exists 8§ > 0 and a set X C S' of positive measure such that Eu (x) = 1+ 26 for all
x € X. It follows from the definition of the upper pointwise dimension that for any ¢ > 0
and any x € X there exists r(x) < & such that £ (B(x, r(x))) < r(x)'%, where B(x, r(x))
is the interval in S! centered at x of length 2r(x). Since X C UxeX B(x, ‘]—tr(x)) c St by
the Vitali Covering Lemma there exists an at most countable subset {x,},>1 of X such that
X C Un B(xy, r(x,)) and the balls B(x,, %r(xn)) are disjoint. Then

w(X) <D (B, r(x))) < D re)' T <8 " r ()

and hence

1 u(X)
;Zr(xn)z o > 1

for ¢ sufficiently small. This contradicts the fact that B(x,, %r(xn)) are disjoint intervals

in S, a
It follows that Eu(x) = 1 for yu-ae. x € S'. This completes the proof of
Proposition 2.1. a

We now construct a C*° circle diffeomorphism f with irrational rotation number such
that for its unique invariant measure u, the lower pointwise dimension is equal to a given
number 8, 0 < B < 1, and the upper pointwise dimension is equal to 1 p-almost
everywhere.

PROPOSITION 2.2. Let fy : S — S' be a C® circle diffeomorphism such that f, =

h;l o Ry, o hy, where hy is a C* circle diffeomorphism and Ry, is a circle rotation by t.
Given B, 0 < B < 1, in any C* neighborhood of fi there exists a C* diffeomorphism

f: S' — S with irrational rotation number t such that:

(1)  f is conjugate to the rotation R:;

(2)  the conjugacy map h is Holder continuous with Holder exponent B;

(3)  if wis the invariant measure for f thend, (x) = p andﬁu (x) = 1 for p-a.e. x € S'.

Proof. We follow the same approach as in the proof of Proposition 2.1, but we would like
to make log Ahy,(x, r,)/logry, close to B rather than to 0. For this we make the following
modifications.

We choose the period s, of the function a, smaller than 1/g,_1 in the form s, =
1/1,q,—1. Then we take E,, = Uf’fi’ I,’;, where I,’; is a subinterval of (@ — 1)/Il,gn—1,

i/l,qn—1) of length d,. We again concentrate most of the growth of A, on En. We take
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A, to be linear on each interval I/ with the slope d, s, (1 — 27"). We may also assume
that s, /d,, is the upper bound for the derivative of A,. Let us again introduce the following
notations:

mu—y =minh,_, and M,_; =maxh,_,.

[0,1] [0,1]
The preimage E,, of E » under h,_1 consists of [,,g,,—1 intervals whose lengths are bounded
above by d,,/m,—_1 and below by d,/M,,_1. Then for any x € E, and r, = d,/m,_1 we
have
Mn—l

Ahp(x,ry) = sp(1 — 2—n) and Ah,(x,ry) < s_nMn—lzrn = 2sy s
dy Mp—1

where Ahy, (x, r,) = h,(x +7r) — h,(x — r). Hence

log s, n log2My,—1/mu—1) - log Ahy, (x, ry) - log s, n log(1 — 2*").

logry logry - logr, ~ logr, logry
‘We note that the error terms

log2M,y—1/my—1) log(1 —27")
and ————
logr, logr,

are small once d,, is chosen so small that r, = d,,/m,_ is small enough. Now we can
choose d,, small and /,, large to satisfy the following properties:

(1) the absolute values of the error terms are less than n~l;

() (logsy)/(logry) = g +n"";
B) =My + D)7y < (mp—1/My—1)", sy < 27(n+1)sn71’
where s, = 1/1,qn—1.

The third property will be used to prove Holder continuity of 4.

So we conclude that for any x € E,:

g < log Ahy, (x, ) B+ g
logr, n

This means that for the measure u, the pointwise dimension ‘on the scale r;,’ is about g
on a set of large u,-measure.

Now it follows in the same way as in the previous proposition that d,, (x) < B and
Eu (x) = 1 for p-a.a. x € S', where p is the unique invariant measure for f.

It remains to show that d,, (x) = B. Recall that h = lim h,, is the distribution function
of u.

LEMMA 2.2. h is Holder continuous with the exponent f.

Proof. 1t suffices to show that |4, (x) — h,(y)| < Clx — y|# forall x,y € S' and n > 0.
We will prove by induction that for all n > 0, A, has the following properties:

() |ha(x) = ha ()] < |x — y|? forall x, y € §' with |x — y| < s,

(i) |ha(x) = ha(y)] < (4 =27")|x — y|? forall x, y with |x — y| > s,.
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For ho = Id this holds true. We now show that 4, has properties (i) and (ii) provided that
all h; withi < n do. If |[x — y| < ry, then

p+n~!

S
| (x) — ha(3)] < d—”Mn71|x—y| < My_1lx — yl

n I'nMp—1

M, -1
< " x =yt < x—ylf

n—1

since |x — yll/" < r,i/" < my,_1/M,_1 by the choice of d,,. If r, < |x — y| <'s;, then

-1
hn () — hy (V)| < sp(My—y1 +1) =P (M, +1) < |x — y|f

since r,:/" < (M,—1 + 1) again by the choice of d,, and |A,(x) — A,(¥)| < s, if

|x — y| < s,. So we conclude that 4, has property (i). If s, < |x — y| < s,_1 then
Ihn (X) = hn )] < 285 + a1 (x) — ham1 ()] < 255 + |x — yIP < 3]x — y|P.
If s,—1 < |x — y| then
Ihn () =hn D] < 2sn+hp—1 (D) —hp—1 (V)] < 250 +@=27"Hx—yf < @—2")|x—y|P

since 25, < 27"s,_1 by the choice of [,.
So we conclude that £, also has property (ii). This completes the proof of the lemma. O

Lemma 2.2 implies that d,,(x) = B forall x € § . This completes the proof of
Proposition 2.2. a

Now we will prove Theorem 2.1 using the construction in Proposition 2.1.

Proof. Let f € Dj. In any C"-neighborhood of f there exists a C™® diffeomorphism f
with a Diophantine rotation number. Such diffeomorphisms are known to be C*°-conjugate
to corresponding rotations, i.e. fi = h 1 Rz, hy, where hy is a C* circle diffeomorphism
(see [S]). f« can be used as a starting point for a sequence of iterations f; constructed as
in the proof of Proposition 2.1. Then the sequence f,, converges in C”-topology to some
diffeomorphism f which can be made as close to f, as we wish and satisfies the following
condition. For any n > O there exists a set E,, with /L(Sl \ E,) < 2+l gnd positive
numbers r,, > 7, such that

log £ (B(x, ry))
logry

log u(B(x, ry))
log iy,

2
< — foranyx € E,,
n

2 1
>1—; foranyx € ',
where pu is the unique invariant measure for f, and ry,, 7, < n~Ll. So we see that Dy
contains a dense subset Z of diffeomorphisms satisfying the above condition.
For any diffeomorphism f € Z we can construct a sequence of its neighborhoods,
{an }1°¢ ;. such that any uniquely ergodic diffeomorphism g in V,,f satisfies the condition

n=1’
logv(B(x, ry)) 3
—_— < —
logry
logv(B(x, 7))
—_— >
logr,

forany x € E,,

3
1—— foranyx e Sl,
n
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where v is the unique invariant measure for g, E,, r, and 7, are the same as for f, and
v(S'\E,) < 27"*2, Indeed, if f and g are sufficiently close in C%-topology, their invariant
measures are sufficiently close in the weak topology.

Let Y§ = M2 Usez v,/ Then Y, N D} and Y} N DY, are residual subsets of D} and
Dy, respectively.

Any uniquely ergodic diffeomorphism g in Y satisfies the above condition for some
sequence of scales {r,} and {#,} which converge to zero. It follows that d,(x) = 0,
d,(x) =1forv-a.a. x e S

It is easy to see that the set E,, can be covered by 1/s, balls of radius r, (recall that s,
is the period of the function a,; see the proof of Proposition 2.1). Since log s, /logr, — 0
as n — oo we see that dimy (2, E,) = 0 for any k > 0. Since v((72; En) >
1 — 273 — 1 we conclude that dimzv = 0.

On the other hand, since v(B(x, 7)) < 75_3"71 for any x € S! the minimal number N

—1
of balls of radius needed to cover a set of v measure 1 — ¢ is at least (1 — )7, =379,
Hence ) 3 loe(l

N —
JogN 3 leel-o)
—logr, n —logr, n—o

and we conclude that EBU > 1. Since
Ofdimgvfdi_vafﬁvil
for any finite measure on S! we see that
dimy v =dimzy =0 and dimpv = 1.

We conclude that any uniquely ergodic diffeomorphism g in Y}y lies in Y". Since the set
of the diffeomorphisms in D) which are not uniquely ergodic is of the first category, we
conclude that Y is a residual subset in both D} and Dj. a

The proof of Theorem 2.2 uses Proposition 2.2 and follows the corresponding steps of
the proof of Theorem 2.1 almost identically. The lower bound for the Hausdorff dimension
of the measure is provided in this case by the following fact (see [8]): if d " (x) = B for
u-a.a. x then dimyg u > .

We now complete the section with the proof of Corollary 2.1.

Proof. It suffices to show that for any open and dense subset U C Dj there exists a residual
subset T C [0, 1] such that for any T € T the intersection U N D7, is open and dense in DZ.
Since U N Dy, is open in the induced topology we only need to check whether it is dense.
Let us suppose that there exists a subset S C [0, 1] of the second category such that for
any T € S the intersection U N D7, is not dense in D7. In other words, for any v € S there
exist f; € DL and r; > O such that B(f;,r;) N D, NU = @, where B(fz, r;) is the ball
in D" centered at f; of radius r;. Then for some € > 0 there exists S; C § of the second
category in [0, 1] such that r; > 3¢ for all T € Sj. Since Dj is second countable there
exists a countable e-spanning set {g,} C D}. Then for some i > 0 there exists S C S of
the second category in [0, 1] such that f; € B(g;,€) forall t € S>. Set I = t(B(g;, €))
and by I, = t(B(gi,€)) N U, where T : D" — [0, 1] is the rotation number function.
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We obtain S C [ and $> N I, = @ since for all T € S we have B(f;,3¢) N D, NU =0
and f; € B(g;, €) whence B(g;,e) N D, NU = . We note that [, is openin / \ Q and
I'\ I, is of the second category in / since Sy is. We conclude that / \ /, has a non-empty
interior. It follows that there exists an interval Iy C I such that I; N I, = (. This implies
that the set ! (I;) N B(gi, €)N D7 is open in D’ and does not intersect U. This contradicts
to the fact that U is dense and completes the proof of the corollary. O

3. Circle homeomorphisms
In the previous section we have shown that for a circle diffeomorphism we can make the
lower pointwise dimension of its invariant measure p equal to any number between O and 1.
We do not know whether there exists a circle diffeomorphism such that Eu )=y <1
for u-a.e. x € S!. However, we can obtain such pinching in the case of Hélder circle
homeomorphisms. Moreover, we can construct Holder circle homeomorphisms such that
the pointwise dimension exists almost everywhere and is equal to a given number «,
0 < o < 1. We show that such homeomorphisms are dense in the set of all circle
homeomorphisms with a given irrational rotation number.

Denote by Hr, € [0,1]\ Q, the set of all homeomorphisms of S! with rotation
number 7.

THEOREM 3.1.

(1) Forany B,y, 0 < B < y < 1, the set of all Hblder homeomorphisms whose
invariant measure has lower pointwise dimension equal to B and upper pointwise
dimension equal to y for a.e. x € S is everywhere dense in H.

(2) Forany o € (0, 1] the set of all Holder homeomorphisms whose invariant measure
has pointwise dimension « for a.e. x € S' is everywhere dense in H.

The proof of Theorem 3.1 is based on the following proposition.

PROPOSITION 3.1.

(1) Forany B,y suchthat 0 < 8 < y < 1, the set of all Borel probability measures |1
on S' such that d,(x) =B and Eu(x) =y for u-a.e. x € S is everywhere dense
(in the weak topology) in the set of all Borel probability measures on S'.

(2) For any a € (0, 1] the set of all Borel probability measures v on S' such that
dy(x) = « for v-a.e. x € S is everywhere dense in the set of all Borel probability
measures on S'.

Proof of Proposition 3.1. To obtain measures with desired properties on S! we first
construct their counterparts on the symbolic space

Q2 ={w = (wowi ) : w;j €{0,1},i € No}.

Then we use the binary coding of the unit interval to carry the measures to S'.
(1) Let us fix 8 and y such that 0 < 8 < y < 1 and take the numbers p, g, p, g such
that

0<p<g<l, p+g=1plogp+qlogg=plogs,
0<p<g=<l, p+g=1, plogp+qglogg=ylogi.
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Let

r?: P, rll =gq for 2(21{)! <n< 2(2k+1)!
for 2(2k+1)! <n< 2(2]{-‘1-2)'

For any cylinder Cy, _, We set @(Ca,y.0,) = [ ey S5

l=m "1
Consider the independent random variables

logp, ifw; =0and 200! < < k41!
logg, ifw; =1and2C®0' < <2Ck+D!

log p, ifw; =0and 2CkD! < < 2Ck+2)
logg, ifw; =1and2®*+D' < < 2k+2)!

& =

Denote the expectation and the dispersion of &; by A; and D;, respectively. We have that

Blogl if 200! < < 2Ck+)!
logE if 2@kHD! < ;< 9K+

Ez

D; =/ & — Ail*dp.
Q

One can see that D; is bounded by a constant independent of i. Therefore Y >0 i~2D;
< 00, and the Law of Large Numbers yields

‘ 1n7] 1 n—1 .
lim <; X(;gi (@ -~ X(;A,-) =0 forj-ae we Qy,
i=l i=

in particular,

o 1 n—1 o 1 n—1 1
i (; S @) =t (; ar) =15

i=0 i=0
1! 1
lim sup ( ZSZ (a))) = lim sup (— A,) =y log -
n—00 n—00 n e
for fi-a.e. w € 5. It follows that for ji-a.e. w € Q>
—1 A —1 n—1
lo C ! :
lim inf " gi(Coy..cn1) = liminf T Ziz0 511) 2z §1(©) =B,
=00 log(1/2) oo log(1/2)
. n~'10g A(Cuy...0,_;)
lim sup =
n—00 log(1/2)

Let us consider the binary coding ¢ : Q2 — [0, 1] of the interval [0, 1]. Recall that
each number has at most two binary expansions and any irrational number has exactly one.

Fix a measure o on S'. Consider a measure « with no atoms which is positive on open
intervals and close to k¢ in the weak topology. Let k be its pull back to Q2; by ¢.

Fix n € N. For any cylinder Cy....y, set

K(Copwp)s 1fm < j

i (Copran) = 1 . X
e {x(cw(,.,,w,,_,)u(cw,,...w,,,x if m > j
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where f1 is the measure constructed above. It is easy to see that for any j we have that

lirninfni] log #;(Can--on-1) =B, limsup n” 10g £ (Cory-y_1) =
e log(1/2) n—>00 log(1/2)

forkj-a.e. w € Q.

Let us denote by «; the push forward of &; to [0, 1] by ¢. Clearly, the measure «; is
close to « for large j, positive on open intervals and has no atoms. To complete the proof
of the second statement of the proposition it remains to prove the following lemma.

LEMMA 3.1. ng(x) = andﬁ,(j =y forkj-ae x € st

Proof. Note that ¢(Cg...,_;) is one of 2" closed binary intervals of length 27". So we
see that 1 (B(x,27)) D Cugw,,; forany x € S1, where ¢ (wow - - -) = x. It follows
that, for xj-a.e. x € st

I (B(x,27" logk:(C

d, (6) = liming 2SS EO2ZT) gy, 085 Connsn)

J n—oo 10g2_" =00 l’llOg(l/Z)

— lim n+42 lOglej (Cwo»»»w,,+]) — 8,
n  (n+2)log(1/2)

d logie;(B(x,27" 10g % (Cay--.
dy(x) = limsup B2y, 1086 Canone)

! n—00 log2—" 11— 00 nlog(1/2)

n— oo

To obtain the estimates below we introduce the following sets:

2
i 1 i 1
B =| I —_ =+ —F S
k |:2k 2k+[Vk] 2k + 2k+[«/z]:| <

i=1
o0
G, = s‘\( U Bk>.
k=m

It is easy to see that for any x € G, and any n > m, we have

and

¢~ (B(x, 27 HVIDY) € Copi -

Hence, for j-a.e. x € Gy,

log ic; (B(x, 2~ +VnD 10g & i (Con...
d, (x) = liminf ogk;(Blx D - i 08K Corony)
j n—00 log 2—(n+[y/n]) n—o0 (n + [4/n]) log(1/2)

— lim < n log'%f(c‘*’o""*’"‘)) =8,

n—oo\n+[y/n] nlog(1/2)
de () = limsu log i j (B(x, 2~ (HlvnDy) - i logkj(Coyw, i)
“ B n—>oop log 2—(n+1v/n) ~ n—o0 (n + [/n]) log(1/2) =V

For any k > j we observe that x;(By) < 2q\/'_’ , where ¢ < 1 is from the construction
of the measure b. Hence, «;(G) /' 1 as m — oo. It follows that Q;«, > B and 3,(]. >y
forkj-ae.x eS !, and this completes the proof of the lemma. ' a
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This completes the proof of the first statement of Proposition 3.1.
(2) Let us fix @ € (0, 1] and take the numbers p and g such that

O<p=<g<l1l, p+g=1 and plogp+qglogg =alog%.
Let us consider the Bernoulli measure v = v(p, g) on 2y which is defined as follows.

For any cylinder
Copn =10 € Q0] =wj,m <i <n},

D(Caprrinn) = [11n 5, where s = p and s} = g.
This measure is ergodic with respect to the shift . Clearly, it has no atoms and is
positive on any cylinder.
Consider the function

logp, ifwp=0
g(w) =

By the Birkhoff Ergodic Theorem

logg, ifwy=1.

n—1

1 .
lim — Zg(a’(a))) = / gdb =plogp+qlogqg ford-ae we Q.
n—oon = o

This implies that for V-a.e. w € Q9,

n~ 1 og H(Cug-oy_;) __plogp+gqlogqg

lim
n—00 log(1/2) log(1/2)
We now use the measure v to modify a given measure kg in the same way as we used [t
in the proof of the first statement, and the rest of the proof follows similarly. a

Now we will prove Theorem 3.1.

Proof of Theorem 3.1. Fix an irrational rotation number 7 and consider a diffeomorphism
f € H;. In any neighborhood of f there exists a C? circle diffeomorphism f; with an
irrational rotation number. By the Denjoy Theorem it is conjugate to the corresponding
rotation: f, = h;l o R, o hy. Consider the homeomorphism fy = h;l o R; ohy. Itis
close to f and has the same rotation number.

(2) Let ko be the invariant measure for fp. Consider a sequence of measures « ; without
atoms and positive on open intervals which have pointwise dimension equal to « for
Kj-a.a.x €S ! and weakly converge to « (constructed as in Proposition 3.1). Let &, be
the distribution function of «; and f, = h, 5 R; o h,. Then it is easy to see that f,
converge uniformly to fp and f,~! converge uniformly to fo_l.

LEMMA 3.2. The homeomorphisms f, constructed above are Holder continuous with
Hoélder exponent log q /2 1log p.

Proof. Let A and B be binary intervals, |A| = 27, |B| = 27%, such that kj(A) < kj(B).
We will show that m/k > logg/2log p, i.e. |A| < |B|Ioga)/Zlogp),

Recall that ¢ —1(A) = Cowy--w,,_; and ¢ Y(B) = C%,,,wi_] for some (wg - - - w,;—1) and
(a)(’) . -a),’(fl) (up to countably many elements). We can assume that m, k > n. Then

m—1 k-1
A N wj N w; A
Kj(Capgeoaoy) = K(Cigevcon_1) l_[ ;0 < K(Cofy ) l_[ ;7 =kj(Cypaf,)-
j=n

i=n
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Let

where maximum is taken over all cylinders of length n + 1. The ratio m/k is the smallest
when s = p,i = n,...,m — 1 and sj)j =gq,j = n,...,k — 1. Therefore

Pt < qufn and

_ logg  logM +nlog(p/q) _ logg
~ logp klogp ~ 2logp

m
k

if k is big enough.

Let / be an interval, A C I be a binary interval (i.e. the image of a cylinder in 23
under ¢) of the largest possible length and B O f;, (/) a binary interval of the smallest
possible length. Then «;(A) = «;(fu(A)) < «;(fu(I)) < k;(B). Hence

1] <2]A| < 2|B|(10gQ)/(210gP) < 2(2|fn(1)|)(10gKI)/(210gP)
= pUlogq)/Clogp)+1 £ (py|(ogg)/2logp)

The same argument shows that | f;,(I)| < 2U0ga)/Zlogp)+1| r|(ogq)/Zlogp) O

This completes the proof of the second part of the theorem. The first part can be proven
similarly. O

4.  Analytic circle diffeomorphisms
Let us fix an annulus A C C containing S' and denote by D® = D®(A) C Diff*(S!)
the set of all orientation-preserving circle diffeomorphisms f such that f and f~! extend
to analytic functions on A. We endow D® with the topology of uniform convergence on
compact subsets of A. Denote by D} the subset of D® consisting of all diffeomorphisms
with irrational rotation number.

Let Y be the subset of D} consisting of diffeomorphisms f such that:
1 d,x)=0 andd,, (x) = 1 for u-a.a. x € S';
(2) dimg pu =dimgpu = 0and dimpp = 1,
where w is the invariant measure for f. The following statements are analytic counterparts
of Theorem 2.1 and Corollary 2.1.

THEOREM 4.1. Y® is a residual subset of both DY and D_;"

The proof of Theorem 4.1 is based on Propositions 4.2 and 4.3 below.
Let D? be the set of all diffeomorphisms in D® with rotation number 7.

COROLLARY 4.1. There exists a set T® C [0, 11\ Q which is a residual subset of [0, 1]
such that for any v € T®, Y® N D? is a residual subset of D?.

Proof. The proof is identical to the proof of Corollary 2.1. a

Remark 4.1. The set T® has zero Lebesgue measure and zero Hausdorff dimension
(compare to Remark 2.1).
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We have a natural projection # : R — S!' = R/Z. This provides a lift of a
diffeomorphism f : S! — S! to a diffeomorphism F : R — R such that f or =7 o F.

Let f be an analytic orientation-preserving diffeomorphism. We say that f satisfies the
property (%) if for any o € [0, 1], no power of the diffeomorphism

fu=f+a(modl)

is the identity map.

The following proposition proves the existence of diffeomorphisms satisfying the
property (%).
PROPOSITION 4.1. Let f : S' — S! be an orientation-preserving diffeomorphism such

that it is not a rotation and its lift F : R — R extends to an entire function. Then f
satisfies the property ().

Proof. Suppose f = Id for some ¢ € Nand « € [0, 1]. Then F;; = Id+p on C for some
p € Z. This implies that F' : C — C is a bijection. Since F is entire it must be a liner
function. It follows that the diffeomorphism f is a rotation. a

The following proposition shows that property (x) diffeomorphisms are typical.

PROPOSITION 4.2. The diffeomorphisms in DY satisfying the property (x) form a residual
subset of DY .

The following proof was communicated to us by Keith Burns.

Proof. We will prove that the set
{fe D?’ : f(;’ #1d forallae € [0, 1]and n > 1}
is a residual subset of D_?’ It suffices to show that for every n > 1 the set
G,={feD?: f)] #1d forall a € [0, 1]}

is open and dense in D_j‘)

Fix n > 1. Itis easy to see that the complement of G, is closed so it is enough to check
that G, is dense in D_j‘) LetU C D_‘;’ be an open set. We will show that UNG,, # (. Letus
take a diffeomorphism f € U with irrational rotation number and suppose that f ¢ G,.

Let F be alift of f, then F, = F + « is a lift of f,. The equality f = Id is equivalent
to F} = Id+p for some p € Z. Since F}/(x) is increasing in « there are only finitely
many values of « in [0, 1] for which f}} = Id. Let us denote these values by oy, .. ., ak.

Let E =[0,1]\ ({1 U---U ), where I;, j = 1,...,k, are open intervals centered
at o; of length (max(2, sup | f']))~*D. Since [ # Id for any o € E there exists a
neighborhood Uy C U of f such that g/, # Idforany g € Up and any « € E.

LEMMA 4.1. Let f € DY be such that Fy = 1d+p for some p € Z and a € [0, 1].
Then in any neighborhood of f there exists f € DY such that for its lift F,

F'(x)y<x'4+p and F'(x")>x"+p

for some x', x" € R.
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Proof. Letus fix x € S! and consider its orbitx, fx, ..., f™x, where m+1 is the minimal
period of x. There exists an analytic flow ¢’ on S' for which x, fx, ..., f"x are repelling
fixed points. In other words, for r > 0, 1 < i < m, and for all y sufficiently close to f ix
we have @'y > yif y > x and ®'y < yif y < x, where ®' is the lift of ¢’ such that
®¥ = Id. It is easy to see that if x’ < x and x” > x are sufficiently close to x and if 1 > 0
is small then f = f o ¢ satisfies the conditions of the lemma. We note that since f has
irrational rotation number, f can be also chosen to have an irrational rotation number and
can be made as close to f as we wish. O

Since Fy, = Id+p; for some p; € Z, Lemma 4.1 implies that there exists f € Uy such
that Fo’[’l (x") < x' + p; and ﬁo’[’l (x") > x”" + p; for some x’, x” € R. It follows that for
a € I we have Fg(x/) <x'+ prifa < aj, and I?(;l(x”) >x"+ prifa > a.

Iffis chosen close to f then | Fo(x) — Fy,(x)| < [I1]| forany @ € I} and x € R. So by
the choice of the length |11 it follows that

|F(x) = (x + pD)| = |F} (x) = Fj ()] < 1
and therefore
x+pr—1<F'(x)<x+p +1
for any @ € I and x € R. So we conclude that fa #Idfora € I UE.

We can choose a neighborhood U; C Uy of f such that gh # 1d for any g € U and
any o € E U I1. The proposition now follows by consecutive application of Lemma 4.1. O

PROPOSITION 4.3. Let f € DY satisfy the property (x). Then for any § > 0 there exists
oy, 0 < oy < 6, such that the diffeomorphism fo, = f 4+ as (mod 1) has irrational
rotation number and for its unique invariant measure p, d,, (x) = 0 and Eﬂ x) =1 for
u-a.a. x € S'.

Proof. Our construction uses the method of constructing analytic circle diffeomorphisms
with singular conjugacy described in [6].
Consider the family of analytic circle diffeomorphisms

fo=f+a(@modl), where0 <o <34.

Denote by 7 () the rotation number of f,. This family has the following properties:

(a) () is non-decreasing in «;

(b) fo never has infinitely many periodic points (by the property (x));

(c) suppose that « is the right endpoint of some interval J such that (') = p/q,
o' € J. Then the lift of f, satisfies Fyf — Id —p > 0 and the zeros of Fy — Id — p project
to the periodic orbits of f,. Hence all periodic orbits of f, are semistable, i.e. attract on
one side and repel on the other side. All non-periodic points move in the same direction

under iterations of fj (see [6] for more details).

e¢]

We will inductively choose two sequences of numbers {c; }72 |

() ap,an <38/2;

(2) op—1 < p—1 < ay;

(3)  ap =maxt " (pa/qn);

(4) t(ay) is Diophantine;

(5)  Pn/an — Pn—1/qn—1 < 2(n — 1)* max|<x<a—1 g}~ ".

and {a,};2 | satisfying:
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Let P, be the number of periodic points of f,,. Choose r, > 0 so small that
rn < (2" P,)™" and open intervals of length r,, centered at the periodic points of f,, are
disjoint. Let I, be the union of these intervals. By (c), there exists a number k (¢, I,,) such
that the orbit of any point x € S! has at most k(a,, I,) points outside I.

Any sufficiently small perturbation of f,, satisfies the following two properties.

(i) The time of the first return to I, is bounded above by k(«y,, 1) + 1.

(ii) Once a trajectory enters I, the next 2”+2k(a,,, I,,) iterations belong to I,,.

It follows that there exists €, > 0, such that for any « € [y, oy + €5)

1 ¢ . 1
5 2 X (fa ) = 1=
k=0
forany N > 2""2k(ay,, I,) and any x € S'.

We will choose «,,,, m > n, and &;, [ > n, such that:

(5) am, o € [an, oy + €4/2).

Now we choose a number &, € [oy,®, + €,/2) such that t(¢,) is Diophantine.
This implies that fz, is smoothly conjugate to the rotation R;(,) [5]. Denote by ug,
the unique invariant measure corresponding to f5, . Since pg, has a smooth density there
exists 7, > 0 such that for any x € S!

log kg, (BCr. 7)) _ 1
log 'y on+l”
There exists &, > 0 such that for any @ € [@,, &, + &,) with irrational 7 (),
log pe (B(x, 7)) 1
e 1 - A
logr, 2n

forall x € S'.

We will choose «,, &, m > n, such that:

(6) o, Ay € [@n, G + €1 /2).

Let oy = lim, . o0, Note that the limit exists since the sequence {«,} is monotone
and bounded from above, and o, < §/2.

Now we will show that 7(w,) is indeed irrational. By continuity, 7(oy) =
lim;,—  pn/qn. Therefore,

130 (1)

n k—=n qk+1 dk
[ee) 1 o) 1 7'[2 1
< < < <.
k; 22 max ) <j<¢ g7 k; 2kqy T 12q5 g

On the other hand, if 7(a4) = p/q then for n € N such that g, > g we have
P Pn _ Pn—GqPn 1

q an q4n a’
Let us denote by u the invariant measure for f,,. Since oy € (otn, @y + €1 /2],

1 N
5 2 K Fa, ) > 1=27"
k=0

forall N > 2"*2k(ay, 1)), and hence (1) > 1 — 27",
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Recall that the set I, consists of P, open intervals of length r,,. Let fn be the union of
those intervals A, C I, for which u(A,) > (2" P,)~'. Since r, < (2" P,)~", we have

log (B, r) _ 1
logr, “n

forany x € I,. Therefore, if a point x belongs to I, for infinitely many n then d, (x) = 0.
Otherwise, x € Um LN, (YN T =

Note that (1) > p(l,) — P,(2"P, ) > 1 — 271 It follows that ()2
(S"\ I,,)) =0, and u(F) = 0. So we conclude that gu(x) =0 for p-a.a. x € S.

Since oy € (ay, @, + £/2] for any n, Eu(x) > 1 for all x € S'. This together with
Lemma 2.1 implies that d,,(x) = 1 for p-a.a. x € S'. O

n=m

Now we will prove Theorem 4.1 using Propositions 4.2 and 4.3. The proof is similar to
the proof of Theorem 2.1.

Proof. By Proposition 4.2 uniquely ergodic property (x) diffeomorphisms are dense in D_‘;’
Hence using Proposition 4.3 we can construct a dense subset Z C ﬁ with the following
property. For every f € Z and n > 0 there exist positive numbers 7, < r, < 27" and a
set I with u(l )>1-27 n+tl (constructed in the proof of Proposition 4.3) such that

1 B 1 A
M < — for any x € In’
logry n
log u(B(x, 7n))

1
- >1—-- foranyxeS],
logr, n

where p is the unique invariant measure for f.

For any diffeomorphism f € Z we can construct a sequence of its neighborhoods,
{ nf }oe > such that for any uniquely ergodic diffeomorphism g in an and its unique
invariant measure v we have

logv(B(x, ry))
logry
logv(B(x, rp))
log 7,

2 N
< — forany x € I,
n
2 1
>1—— foranyx € §",
n

and v(fn) > 1 —27"2 where fn, r, and r;, are the same as for f. Indeed, if f and g
are sufficiently close in C°-topology, their invariant measures are sufficiently close in the
weak topology.

Let Y = (e, Urez V. Then Y® N DY and Y N DY are residual subsets of DY
and DY, respectively.

Any uniquely ergodic diffeomorphism g in Y’ satisfies the above condition for some
sequence of scales {r,} and {r,} which converge to zero. It follows that d,(x) = 0,
d,(x) =1forv-a.a.x e S

Since r,, 7, and fn are as in the proof of Proposition 4.3, we see that the set fn can
be covered by at most P, intervals of length r, < (2" P,)". Hence log P, /logr, — 0 as
n — oo and we conclude that dimy (22, I,) = 0 for any k > 0. Since V(32 [n) >
1 — 2773 5 1, it follows that dimgv = 0.
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On the other hand, since v(B(x, F,)) < f,{_z"_] for any x € [0, 1], the minimal number

—1
N of balls of radius needed to cover a set of v-measure 1 — ¢ is at least (1 — 8)7,1_(1_2" ).
Hence loe N 9 loe(l

dogN 2 loell—o)

—log7, ~ n —log#, n—oo
and we conclude that dimgv > 1. Since
0 < dimpy v < dimy v < dimg v < 1
for any finite measure on S ! we see that
dimy v =dimz v =0 and dimp v = 1.

This implies that any uniquely ergodic diffeomorphism g in Y’ lies in Y. Since the
set of the diffeomorphisms in D} which are not uniquely ergodic is of the first category,
we conclude that Y is a residual subset in both D} and Df. a
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