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Abstract We consider Holder continuous linear cocycles over partially hyperbolic diffeo-
morphisms. For fiber bunched cocycles with one Lyapunov exponent we show continuity
of measurable invariant conformal structures and sub-bundles. Further, we establish a con-
tinuous version of Zimmer’s Amenable Reduction Theorem. For cocycles over hyperbolic
systems we also obtain polynomial growth estimates for the norm and the quasiconformal
distortion from the periodic data.
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1 Introduction

A linear cocycle over a dynamical system f : M — M is an automorphism F of a
vector bundle £ over M that covers f. In the case of a trivial vector bundle M x RY, a
linear cocycle can be represented by a matrix-valued function A : M — GL(d,R) via
F(x,v) = (f(x), A(x)v). In smooth dynamics linear cocycles arise naturally from the
derivative. They play an important role in the study of smooth systems and group actions,
especially in aspects related to rigidity.
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In this paper we consider Holder continuous linear cocycles with one Lyapunov exponent
over hyperbolic and partially hyperbolic diffeomorphisms. An important motivation comes
from the restriction of the derivative to Holder continuous invariant sub-bundles such as
center, stable, and unstable bundles. In hyperbolic case we studied such cocycles in [8,9].
We concentrated on obtaining conformality of the cocycle from its periodic data and applying
this to local and global rigidity of Anosov systems [5,8]. From a different angle, such cocycles
over hyperbolic and partially hyperbolic systems were considered in [2,21]. In particular,
it was shown that cocycles with more than one Lyapunov exponent are generic in various
cases, for example in a neighborhood of a fiber bunched cocycle. These results indicated that
having one exponent is an exceptional property. In this paper we show that it is true in a
very strong sense by developing a structural theory for such cocycles. We expect that these
results will be useful in the study of partially hyperbolic systems and in the area of rigidity
of hyperbolic systems and actions.

In the base we consider a partially hyperbolic diffeomorphism f which is is volume-
preserving, accessible, and center bunched. This is the same setting as in the latest results on
ergodicity of partially hyperbolic diffeomorphisms [4], except that we require accessibility
instead of essential accessibility. We assume that the cocycle F over f is fiber bunched,
i.e. non-conformality of F in the fiber is dominated by the expansion/contraction along the
stable/unstable foliations of fin the base. This or similar conditions play a role in all results
on noncommutative cocycles over hyperbolic or partially hyperbolic systems. If F' is the
restriction of the derivative of f'to the center sub-bundle, fiber bunching for F corresponds to
strong center bunching for f. Thus our results apply to this setup.

For fiber bunched cocycles with one Lyapunov exponent with respect to the volume, we
prove continuity of measurable F-invariant sub-bundles and conformal structures. We use
this to establish a continuous version of Zimmer’s Amenable Reduction Theorem. Passing to
a finite cover and a power of F, if necessary, we show existence of a continuous flag of sub-
bundles such that the induced cocycles on the factor bundles are conformal. For cocycles over
hyperbolic systems we obtain stronger results including Holder regularity of the invariant
structures. In particular, for cocycles with one exponent at each periodic orbit we obtain the
reduction for F itself and polynomial growth estimates for its quasiconformal distortion.

We formulate the results in Sect. 3 and give the proofs in Sect. 4.

2 Definitions and notations

In this parer M denotes a compact connected smooth manifold.

2.1 Partially hyperbolic diffeomorphisms

(See [4] for more details.)

A diffeomorphism f of M is said to be partially hyperbolic if there exist a nontrivial
Df-invariant splitting of the tangent bundle T M = E* @ E¢ @ E“, and a Riemannian metric
on M for which one can choose continuous positive functions v < 1, ¥ < 1, y, y such that
for any x € M and unit vectors v° € E*(x), v¢ € E°(x), and V¥ € E"(x)

IDFOOIN < v(x) < y(x) < IDFE) < 7@~ <D0~ < IDFEI 2.1)

The sub-bundles E*, E*, and E€ are called, respectively, stable, unstable, and center. E* and
E" are tangent to the stable and unstable foliations W* and W* respectively. An su-path in
M is a concatenation of finitely many subpaths which lie entirely in a single leaf of W* or
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WH. A partially hyperbolic diffeomorphism fis called accessible if any two points in M can
be connected by an su-path.

We say that f is volume-preserving if it has an invariant probability measure p in the
measure class of a volume induced by a Riemannian metric (the density of u is not required
to be smooth). It is conjectured that any essentially accessible f is ergodic with respect to
such j¢. This was established if fis C? and center bunched [4]. The diffeomorphism fis called
center bunched if the functions v, D, v, y can be chosen to satisfy

v<yy and U <yyp. (2.2)

This implies that | Df |gc|| - [[(Df] £e)~ 1, which is a measure of non-conformality of fon
E*, is dominated by the contraction on E* and expansion on E“.
If fis C'*?, the ergodicity holds under strong center bunching assumption [4]:

0

W <yp and VY <y, (2.3)

where 6 € (0, §) satisfies
vyl <k? and Dp~' <kf 2.4
for some functions « and & such that for all x in M
k(x) < |IDf)| if ve E*(x) and ||Df(v)| < /2()5)_1 if ve E"(x).

It is known that the first inequality in (2.4) implies that £¢ @ E* is 6-Holder, the second one
yields the same for E @ E*, and thus (2.4) implies that E€ is §-Holder.

2.2 Holder continuous vector bundles and linear cocycles

We consider a finite dimensional g-Holder, 0 < 8 < 1, vector bundle P : £ — M. This
means that there exists an open cover {U; }f.‘zl of M with coordinate systems

¢ PNUH) — Ui xRY, ¢i(v) = (P(v), D;(v))

suchthat¢; o ¢l._] is a homeomorphism and its restriction to the fiber Ly = & o CIDi_1 () e
depends B-Holder on x, i.e. there is C such that |[Ly, — L,|| < Cdist(x, )P for all i, j
and all x, y € U; N U;. One can realize £ as a f-Holder sub-bundle of a trivial bundle by
¢ E > M xR withg(v) = (P(v), p1®1 (V) X ...Xx pr D (v)), where {p;} is a -Holder
partition of unity for {U;}.

Using such an embedding we equip £ with the induced S-Holder Riemannian metric, i.e.
a family of inner products on the fibers, and fix an identification Iy : & — &, of fibers at
nearby points. We define the latter as Hy_l oI, where IT, is the orthogonal projection in R¥¢
from &, to the subspace which is the middle point of the unique shortest geodesic between
& and &, in the Grassmannian of d-dimensional subspaces. The identifications {I,,} vary
B-Holder on a neighborhood of the diagonal in M x M and satisfy for some constant C and
any unit vector u € &y

Ly =1.', |Lyu—u| < Cdist(x, y)?, and hence ||| 1y [| — 1] < Cdist(x, y)P. (2.5)

Let fbe a diffeomorphism of M and P : £ — M be a finite dimensional S-Holder vector
bundle over M. A continuous linear cocycle over fis a homeomorphism F : £ — £ such that
PoF = foPandF,:& — &y is alinear isomorphism. Such an F is called B’-Holder,
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0 < B’ < B, if F, depends B’-Holder on x, more precisely, if there exist C such that for all
nearby points x, y € M

|Fy — 17} o Fyoly| < Cdist(x, y)f'. (2.6)

fxfy

2.3 Conformal structures

(See [9] for more details.)

A conformal structure on RY, d > 2, is a class of proportional inner products. The space
@4 of conformal structures on R? can be identified with the space of real symmetric positive
definite d x d matrices with determinant 1, which is isomorphic to SL(d, R)/SO(d, R).
The group GL(d, R) acts transitively on €4 via X[C] = (det XTX)~V/4 XTC X, and €4
carries a G L(d, R)-invariant Riemannian metric of non-positive curvature. The distance to
the identity in this metric is

dist(ld, C) = ~/d/2 - ((logr)? + -+ + (ogra)?) "/, 2.7

where Aq, ..., Ay are the eigenvalues of C (see [20, p.327] for more details and [12, p.27]
for the formula).

For a vector bundle £ — M we can consider a bundle € over M whose fiber C, is
the space of conformal structures on £. Using a background Riemannian metric on &, the
space C, can be identified with the space of symmetric positive linear operators on &, with
determinant 1. We equip the fibers of € with the Riemannian metric as above. A continuous
(measurable) section of C is called a continuous (measurable) conformal structure on £.

An invertible linear map A : £ — &, induces an isometry from € to Cy via A(C) =
(det(A*A))l/ d (A_l)*C (A1), where C is a conformal structure viewed as an operator. If
F : £ — &£ isalinear cocycle over f, we say that a conformal structure t on & is F-invariant
if F(t(x)) =1t(f(x)) forall x € M.

3 Statements of results

Standing assumptions. Unless stated otherwise, in this paper

M is a compact connected smooth manifold;

f: M — M isan accessible partially hyperbolic diffeomorphism that preserves a volume
w and is either C* and center bunched, or C'1% and strongly center bunched:

P : & — M is a finite dimensional B-Hdlder vector bundle over M,

F : & — Eisa B-Holder linear cocycle over f.

First we establish continuity of measurable invariant conformal structures for fiber bunched
cocycles. A cocycle F over a partially hyperbolic diffeomorphism f'is called fiber bunched if
for some B-Holder norm on £

IFG)-IFC) ™ - v@)f <1 and [FQI - IF@)-dx)f <1 3.1

for all x in M. This condition allows to establish convergence of certain iterates of the cocycle
along the stable and unstable leaves.

Theorem 3.1 If F is fiber bunched, then any F-invariant p-measurable conformal structure
on & coincides ji-a.e. with a continuous conformal structure.
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We denote the iterate Frn-1, o...0 Fry o Fy by Fi'. A cocycle F is called uniformly
quasiconformal if the quasiconformal distortion

def _
Kp(e,m) S NEL - IGED (3.2)
is uniformly bounded for all x € M and n € Z. The cocycle is said to be conformal with
respect to some Riemannian metric on £ if Kr(x, n) = 1 for all x and n.

Corollary 3.2 If F is uniformly quasiconformal then it preserves a continuous conformal
structure on &, equivalently, F is conformal with respect to a continuous Riemannian metric
oné.

Next we address continuity of measurable invariant sub-bundles. If a cocycle has more
than one Lyapunov exponent, then the corresponding Lyapunov sub-bundles are invariant and
measurable, but not continuous in general. We show that for a fiber bunched cocycle with
only one Lyapunov exponent measurable invariant sub-bundles are continuous. We denote
by A+ (F, n) and A_(F, ) the largest and smallest Lyapunov exponents of F with respect
to . We recall that for u almost every x € M,

1 1
A (F,p) = lim —log | F"| and A_(F,p) = lim —log|[(F")~'I7!  (3.3)
n—oo n n—-oon
(see [3, Sect. 2.3] for more details).

Theorem 3.3 Suppose that F is fiber bunched and *y(F,n) = A_(F,n). Then any
u-measurable F-invariant sub-bundle of £ coincides (i-a.e. with a continuous one.

Using Theorems 3.1 and 3.3 together with Zimmer’s Amenable Reduction Theorem we
obtain the following description of fiber bunched cocycles with one exponent.

For any finite cover P M — M the pullback of £ defines a -Holder vector bundle
Eover MLIf f : M — Misa diffeomorphism covering f, then £ lifts uniquely to a 8-Holder
linear cocycle F : & — & over f that covers F. We call such a cocycle F a finite cover of F.
Theorem 3.4 (Continuous Amenable Reduction) Suppose that F is fiber bunched and
A (F, ) = A_(F, ). Then there exists a finite cover F:6—> ¢ of Fand N € N
such that FN satisfies the following property. There exist a flag of continuous FN -invariant
sub-bundles

0 =Ecélc...célcék=¢ (3.4)

and continuous conformal structures on the factor bundles &l /é:" -l i =1,...,k invariant
under the factor-cocycles induced by FN.

The proof shows that when it is necessary to pass to a cover, the resulting cocycle FN
preserves more than one flag as in (3.4). Their union is preserved by F and is the lift of an
invariant object for F. To illustrate this, in Sect. 4.6 we construct a cocycle F on & = T? x R?
with no invariant p-measurable sub-bundles or conformal structures. Its lift F to a double
cover preserves two continuous line bundles, while F preserves a continuous field of pairs of
lines.

In the case when & = £, the cocycle F itself is conformal on € with respect to some
continuous Riemannian metric. This can be easily seen from the proof or deduced from the
theorem using Corollary 3.2.

If there are d = dim &, continuous vector fields which give bases for all £, then the theo-
rem implies that FNis continuously cohomologous to a cocycle with values in a “standard”
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maximal amenable subgroup of GL(d, R), see Remark 4.8. However, triviality of £ alone
is insufficient for such reduction even if £ = T2 x R? since invariant sub-bundles may be
non-orientable, see [17, Sect. 8.1] or the example in Sect. 4.6.

Remark 3.5 If fis C1*? and satisfies the strong center bunching condition, then the above
results apply to F = Df|gc. Indeed, the condition (2.4) implies that E¢ is 6-Holder and
(2.3) yields fiber bunching (3.1) for F = Df|gec.

We also show that fiber bunching can be replaced by the following assumption (existence
of the invariant volume w is still assumed).

Corollary 3.6 Suppose that . (F,n) = A_(F,n) for every ergodic f-invariant measure
1. Then the conclusions of Theorems 3.1, 3.3, and 3.4 hold.

This corollary relies on a certain estimate for subadditive sequences of continuous func-
tions. In Proposition 4.9 we give a definitive version of this useful result.

We obtain Holder continuity of the invariant structures under a stronger accessibility
assumption. The diffeomorphism fis said to be locally «-Holder accessible if there exists
a number L = L(f) such that for all sufficiently close x,y € M there is an su-path
{x = x0, x1, ..., xp = y} such that

distyyi (xj—1, x;) < Cdist(x, y)* fori=1,...,L.

Here the distance between x;_ and x; is measured along the corresponding stable or unstable
leaf W'.

Corollary 3.7 Iffislocally a-Holder accessible then the invariant conformal structures and
sub-bundles in Theorems 3.1, 3.3, 3.4 and Corollaries 3.2, 3.6 are a-Holder.

Now we consider a special case when f is a transitive C 48 5§ = 0, Anosov diffeo-
morphism. This means that there is no center sub-bundle E¢ and thus the center bunching
assumption is not needed. Due to the local product structure of the stable and unstable man-
ifolds, fis locally a-Holder accessible with « = 1, and hence the corollary above applies.
Moreover, we can take 1 to be any ergodic measure with full support and local product struc-
ture. The latter means that u is locally equivalent to the product of its conditional measures
on the local stable and unstable manifolds. An invariant volume, if it exists, has these prop-
erties. Other examples include the measure of maximal entropy and equilibrium measures of
Holder continuous potentials. For the Anosov case, analogs of Theorem 3.1, Corollary 3.2,
and of a weaker version of Theorem 3.3 were obtained in [9].

Corollary 3.8 Let fbe a transitive C'1° Anosov diffeomorphism, . be an f-invariant ergodic
measure with full support and local product structure, and M, E, F be as in the standing
assumptions. Then Theorems 3.1, 3.3, 3.4 and Corollary 3.2 hold and the resulting invariant
conformal structures and sub-bundles are B-Holder:

Moreover, the fiber bunching assumption in Theorems 3.1, 3.3, 3.4 can be replaced by the
assumption that for every f-periodic point p the invariant measure (1, on its orbit satisfies

The assumption that there is only one exponent for every periodic measure implies the
same for every invariant measure [7, Theorem 1.4]. In this case we obtain further results. In
the next theorem we construct an invariant flag for F itself and we normalize the cocycle and
metrics so that factor cocycles are isometries.
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Theorem 3.9 Let f be a transitive C'1 Anosov diffeomorphism. Suppose that for every f-
periodic point p the invariant measure (1), on its orbit satisfies Ay (F, jup) = A_(F, fip).
Then there exist a flag of B-Holder F-invariant sub-bundles

0y=Ecelc...cetcel=¢ (3.5)

and B-Holder Riemannian metrics on the factor bundles £ /&', i =1, ..., j, so that for
some positive B-Holder function ¢ : M — R the factor-cocycles induced by the cocycle ¢ F
on ' /EI7Y are isometries.

The stronger conclusion relies on the property that the functions by which the cocycle
rescales the conformal metrics on the factor bundles are cohomologus to each other. The
condition that A (F, n) = A_(F, n) for every f-invariant measure 7 is necessary for coho-
mology of these functions and for the conclusion of the theorem. This condition is not known
to imply the cohomology for partially hyperbolic f, and thus we do not have an analog of
Theorem 3.9 for such f.

We use Theorem 3.9 to obtain uniform polynomial growth estimates of the quasiconformal
distortion K r(x, n) and the norm of F.

Theorem 3.10 (Polynomial Growth) Let f be a transitive C'T° Anosov diffeomorphism.
Suppose that for every f-periodic point p the invariant measure 1, on its orbit satisfies
Ap(F, wp) = A_(F, up). Then there exists m < dim & and C such that

Kp(x,n) < Cn*™ forallx € Mandn € Z.

Moreover, if Ay (F, up) = A_(F, up) = 0 for every u,, then there exists m < dim &, and
C such that

I|F! < Cln|™ forallx € Mandn € Z.

One can take m = j — 1, which is the number of non-trivial sub-bundles in (3.5).

4 Proofs
4.1 Stable holonomies

Convergence of products of the type (F y")_1 o F has been observed for various types
group-valued cocycles whose growth is slower than the expansion/contraction in the base
(see e.g. [14,15]). It is also related to existence of strong stable/unstable manifolds for the
extended system on the bundle. We follow the notations and terminology form [2,21] for
linear cocycles, where it is more convenient to use the following notion of holonomy.

Definition 4.1 A stable holonomy for a linear cocycle F : £ — £ is a continuous map
H' : (x,y) — H}, where x € M,y € W¥(x), such that

@i) H;'y is a linear map from &, to &y;

(i) Hy, =1d and Hj, o H}, = H} ;

xXz2
(iii) Hyy, = (F})"" o H}, u, o0 F{ foralln € N.

y?

"y
Unstable holonomy are defined similarly. The following proposition establishes existence
(cf. [2] for trivial bundles) and some additional properties of the holonomies. We use identi-
fications I,y defined in Sect. 2.2. Holonomies do not depend on the choice of identification
as they are unique by (c). We denote by W} (x) a sufficiently small ball around x in the leaf
W5 (x).
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Proposition 4.2 Suppose that the cocycle F is fiber bunched. Then there exists C > 0 such
that for any x € M and 'y € W} (x),

(@) |(F})" o lgugny o Fll — Iy || < Cdist(x, y)P for everyn € N;
(b) H)‘gy = lim (Fy’,l)’l o Ignypny o FY! satisfies (i), (ii), (iii) of Definition 4.1 and
n—o0 -

(iv) [|HS, — Ly || < Cdist(x, y)F;

y
(c) The stable holonomy satisfying (iv) is unique.

H}, can be extended to any y € W*(x) using (iii). Similarly, for y € W"(x), the unstable

xy
. . . —1
holonomy H" is obtained as H;’fy = nl}IPoo(F;l) olpnypny o F.

Proof (a) We fix x € M and denote x; = f?(x). Then for any y € W .(x) we have

(F';l)_l © Ixn)’n © F;l = (F)}:l_l)_l © ((FYnfl)_l ° IX)Iy)I © Fxnfl) °© F)?_l
= (Fy™ )™ o (L yyyy +ra-D) 0 B

= (Fyn_l)_l oLy, 1y, © Frlg (F;’_l)_1 orp_1o F' =,

n—1
n—1
iy—1 i -1
=Ly + > (F) oo Fl, whereri = (Fy,) ™ o Iy, 0 Fyy — Lyy,.
—

A.1)

Since F is fiber bunched, there is & < 1 such that ||[F(x)|| - [|F(x)™"|| - v(x)? < 6 for
every x in M. For the function v we denote its trajectory product by

vi(x) =v(x)v(fx)... v(fi_lx) =v(xg)v(x1)...v(xj—1), €N
Then one can estimate dist(f"x, f"y) < dist(x, y)v,(y), see e.g. [4, Lemma 1.1].

Lemma 4.3 There is Co such that for every x € M,y € W} (x), and i > 0, ||(F)",)*l I -
| Fill < Co6' vi(y)~7.

Proof Using (2.5) and (2.6) we obtain

1 Fx |l - 1 Frx, — Iﬂilykﬂ o Fy, oLyl ||Ix;}r1yk+1 o Fy, oLyl
IFyll = 1 Fye 1Py
< Ci(dist(x, yo)? + 150 1 gy Il < 1+ Co(distCrr, o))
We estimate
ICEDTHIEL < DT ICE) T - Uy )7 - Il - I Fq - 1 Fa

i—1 i—1 ||F ”
< [T1Fwt i -] 5%
“ s TE

i—1 i—1

< [Tevoo™ T (1 + C2 distCxx, )?) .

k=0 k=0

Since the distance between x,, and y, decreases exponentially, the second product is uniformly
bounded and we obtain [|[(F))~!|| - || FL || < Co 6" v;(y)~P. ]
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Since F is Holder continuous (2.6) we have

Irill = 1CFy) ™" 0 Ly yyigy © Fry = Lyl < ICFy) ™ o Iy -
NFy = I) 0 Fy o Ly |l < Cadist(x, yi)f < C3(Cadist(x, y) vi ()P
(4.2)
It follows from (4.2) and Lemma 4.3 that for every i > 0,
ICED ™ orio FLL < IICED T I NEL - Il
< Cob' vi(y)~F C3CF dist(x, y)Pvi () = Cs dist(x, y)? 6.
(4.3)
Using (4.1), (4.3) and convergence of > 0! we conclude that
n—1
1™ 0 Ly, 0 F = Lyl < D INFD " orio Fi|| < Cdist(x, y)P.
i=0
(b) It follows from (4.1) that
ICFPY T 0 Ly © FET = (F ™ o Ly, 0 FE L = (FI) ™ o1y 0 FP.

Hence {(Fy")_l o I,y, o I} is a Cauchy sequence by (4.3), and thus it has a limit H;‘y :
Ex — &y. Since the convergence is uniform on the set of pairs (x, y) where y € W) (x),
the map H* is continuous. Clearly, the maps H)fy are linear and satisfy H;, = Id. It follows

from (a) that || Hy, — Ly || < Cdist(x, y)#. We also have

: 1 k-1 k— 1
Hy, = klgrgo(F;’) o (Fpuy) ™ odpkysey 0 Ful o Ff = (FY)™ o Hjpny pny o Y.

To show H;z o H;y = H, we use (2.5) and Lemma 4.3 to obtain as in (4.3) that
IH, = H, o H | < I 1y = Iz, © Ly )|l 1 F2 L= 0 asn — oo.
(c) Suppose that H' and H? are two stable holonomies satisfying ||Hxl’{,2 — Lyl
< Cdist(x, y)#. Then using Lemma 4.3 we obtain
I, = Ha = 1GFD ™ 0 (Huy poy = Hiu gay) 0 FL
< Co0" vu(y) P Cdist(f"x, f"y)P < Cs0" — 0 asn — oo,

and hence H! = HZ. ]

4.2 Proof of Theorem 3.1

We use the distance between conformal structures described in Sect. 2.3 and the identification
I from Sect. 2.2. We note that the proof works without change under the assumption that £
and F are continuous and that F has continuous holonomies.

Let t be an F-invariant p-measurable conformal structure on £. We first show that 7 is
essentially invariant under the stable and unstable holonomies of F.

Proposition 4.4 Suppose that H® is a stable holonomy for a linear cocycle F. If T is a
measurable F-invariant conformal structure then t is essentially H®-invariant, i.e. there is
a set G C M of full measure such that

T(y) = H;,(t(x)) forallx,y € G suchthaty € W,.(x).
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Proof Wedenote by F} (&) the push forward of a conformal structures & from £ (x) to £( f "x)
induced by F}, and similar notations for push forwards by H® and /. We also letx; = f'(x).
Since 7 is F-invariant, and F’ )’} induces an isometry, we obtain

dist (z(y), H2, (t(0))) = dist(F (z(»)), FHS, (£(x)))
= dist(r (), HS,, FU(r(0)) = dist(z (i), HS, | (20on)
< dist(t (yn), Ixnyn (t(xp))) + diSt(Ixny,, (t(xp)), Hj:nyn (t(xn))).

Since t is p-measurable, by Lusin’s Theorem there exists a compact set S C M with
w(S) > 1/2 on which t is uniformly continuous and hence bounded. Let G be the set of
points in M for which the frequency of visiting S equals «(S) > 1/2. By Birkhoff Ergodic
Theorem, u(G) = 1.

Suppose that both x and y are in G. Then there exists a sequence {n;} such that x,,, € S and
yn; € S.Since y € W} (x), dist(xy,, yn;) — 0 and hence dist([xni Yy (t(xp,;)), T(yn,)) = 0
by uniform continuity of = on S. Since H* and I are continuous and satisfy H}, =1Id = I,
we have ||1; ily"i oH ;”i g T Id|| — 0. Since 7 is bounded on S, the lemma below yields

dist(Ly,,y,, (v (n))s Hy, y (206))) = dist(z (), L), 0 HY o (2(60) = 0.
We conclude that dist (z(y), H)fy (z(x))) = 0 and thus 7 is essentially H*-invariant. ]

Lemma 4.5 [9, Lemma 4.5] Let 6 be a conformal structure on R? and A be a linear trans-
formation of R? suficiently close to the identity. Then

dist (0, A(0)) < k(o) - |A — Id],

where k(o) is bounded on compact sets in C%. More precisely, if o is given by a matrix C,
then k(o) < 3d |C™'|| - |C| for any Awith |A —Id|| < (6]C~"|| - [CH~". o

Similarly, 7 is essentially H*-invariant. Since the stable and unstable holonomies of F are
continuous we conclude that t is essentially uniformly continuous along W* and W*. Since
the base system f'is center bunched and accessible this implies continuity of T on M by [2,
Theorem E] or [22, Theorem 4.2]. m]

4.3 Proof of Proposition 3.2

We use the following proposition from [9]. Recall that a measurable conformal structure
T on € is called bounded if the distance between t(x) and 7p(x) is essentially bounded on
M for a continuous conformal structure 7y on £.

Proposition 4.6 [9, Proposition 2.4] Let f be a homeomorphism of a compact manifold
Mandlet F : £ — £ be a continuous linear cocycle over f. If F is uniformly quasiconformal
then it preserves a bounded measurable conformal structure T on &.

Under our standing assumptions, Theorem 3.1 now implies that t is continuous. We can
normalize it by a continuous function on M to obtain a Riemannian metric with respect to
which F is conformal. o

4.4 Proof of Theorem 3.3

Let £ be a measurable F-invariant sub-bundle of £ with dim £, = d’. We consider a fiber
bundle G over M whose fiber over x is the Grassman manifold G, of all d’-dimensional
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subspaces in &,. Then F induces the cocycle F : G — G over f with diffeomorphisms
Fo:G.— G fx depending continuously on x in smooth topology.

The stable holonomy H* for F induces a stable holonomy H* for F. Similarly, to the
linear case, this is a family of diffeomorphisms I:I;y : Gy — G, that satisfies properties
(ii) and (iii) Definition 4.1 and depends continuously on x and y € Wlsoc(x). Similarly H*
induces the unstable holonomy H" for F.

The sub-bundle £’ gives rise to a y-measurable F-invariant section ¢ : M — G. We take
m to be the lift of 1« to the graph ® of ¢, i.e. foraset X C G wedefine m(X) = pu(r(XNP)),
where w : G — M is the projection. Equivalently, m can be defined by specifying that for
p-almost every x in M the conditional measure m, in the fiber G, is the atomic measure at
¢ (x). Since p is f-invariant and ® is F-invariant, the measure m is F-invariant.

Lemma 4.7 [9, Lemma 4.6] There exists C > 0 such that for any x € M, subspaces
E,neGy,andn €’

dist(F}'(€), FI'(n)) < C - Kp(x,n) - dist(€, 1) (4.4)

The definitions of K (x, n), A+ (F, i), and A_(F, ) yield that for x almost all x
: 1 : 1 n ny—1
lim —log K (x,n) = lim —log(IlFll - [ICFE) ™" 1D
n—oon n—-oon

: 1 n : 1 ny—1p—1
= lim ~log |[F/|| - lim ~log |(F})™"]
n—oo n n—oo n
= Ap(F, ) = A-(F, ) =0. (4.5)

Hence Lemma 4.7 implies that Lyapunov exponent of F along the fiber is zero m a.e. This
together with existence of the stable and unstable holonomies for F allows us to apply
[2, Theorem C] to the measure m and conclude that there exists a system of conditional
measures 71, on Gy for m which are holonomy invariant and depend continuously on x € M
in the weak™ topology.

Since the conditional measures m, and 1, coincide for all x in a set X C M of full u
measure, we see that 7, = m, is the atomic measure at ¢ (x) for all x € X. Since X is dense
we obtain that 71, is atomic for all x € M. Indeed, for any x € M we can take a sequence
X 3 x; — x and assume by compactness of G that ¢ (x;) converge to some £ € G,. This
implies that m,, = m,,; converge to the atomic measure at £, which therefore coincides with
ity by continuity of the family {7, }. Denoting ¢(x) = supp i, for x € M, we obtain a
continuous section q~$ which coincides with ¢ on X. This shows that £ coincides p-almost
everywhere with a continuous sub-bundle which is invariant under the stable and unstable
holonomies. O

4.5 Proof of Theorem 3.4

We use the following particular case of Zimmer’s Amenable Reduction Theorem:

[6, Corollary 1.8], [3, Theorem 3.5.9] Let f be an ergodic transformation of a measure
space (X, ) and let F : X — GL(d,R) be a measurable function. Then there exists a
measurable function C : X — GL(d, R) such that the function A(x) = c! (fx)F(x)C(x)
takes values in an amenable subgroup of GL(d, R).

There are 297! standard maximal amenable subgroups of G L(d, R). They correspond to
the distinct compositions of d, d; + --- + dx = d, and each group consists of all block-
triangular matrices of the form
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A] * e *

0 A2 (4.6)
N . . ES

0 .0 A

where each diagonal block A; is a scalar multiple of ad; x d; orthogonal matrix. Any amenable
subgroup of GL(d, R) has a finite index subgroup which is contained in a conjugate of one
of these standard subgroups [13, Theorem 3.4]. The normalizer of the diagonal subgroup is
an example of an amenable group which does not lie in any such conjugate. It is the finite
extension of the diagonal subgroup that contains all permutations of the coordinate axes.

Since € can be trivialized on a set of full -measure [3, Proposition 2.1.2], we can measur-
ably identify € with M x R? and view F as a function M — GL(d, R). Thus can we apply
the Amenable Reduction Theorem to F and obtain a measurable coordinate change function
C: M — GL(d,R) such that A(x) = C~'(fx)F(x) C(x) € G for p-a.e. x € M, where
G is an amenable subgroup of GL(d, R). By the above we may assume that G contains a
finite index subgroup G which is contained in one of the 2¢~! standard maximal amenable
subgroups.

Case 1 First we consider the case when G itself is contained in a standard subgroup. Then
the conclusion of the theorem holds for F itself rather than for a power of its lift. The
sub-bundle V' spanned by the first dj + - - - + d; coordinate vectors in R? is A-invariant
fori = 1,..., k. Denoting S)"C = C(x)V'! we obtain the corresponding flag of measurable
F-invariant sub-bundles

lce?c...cek=¢ with dimé& =dy +--- +d;.

By Theorem 3.3 we may assume that the sub-bundles &' are continuous. Since A;(x) is a
scalar multiple of a d; x d; orthogonal matrix for p-a.e. x, we conclude that the restriction
of F to £ is conformal with respect to the push forward by C of the standard conformal
structure on V'!. This gives a measurable F-invariant conformal structure t; on & ! Since
F preserves £', so does the stable holonomy H*. Hence H® induces a stable holonomy
H*! for the restriction of F to £'. By Proposition 4.4 the conformal structure 7] is essen-
tially invariant under H*'. Similarly we obtain essential invariance of 7| under the unstable
holonomy H"!. This yields continuity of 7; on M as in the end of the proof of Theorem 3.1.

Similarly, we can consider continuous factor-bundle £ /£/~! over M with the natural
induced cocycle F®. Since the matrix of the map induced by A on Vi/Vi=l = R% is
A, it preserves the standard conformal structure on R% . Pushing forward by C we obtain
a measurable conformal structure 7; on £ /&' invariant under F). The holonomies
H® and H" induce continuous holonomies for F) on £ /&=, As above, we conclude
that 7; is essentially invariant under these holonomies and continuous.

Case 2 Now we consider the case when only a finite index subgroup G of G is contained in
a standard maximal amenable subgroup. We again consider the flag of subspaces V! spanned
by the first n; = d| + - - - +d; coordinate vectors in R i =1,..., k. Let G, be the stabilizer
of this flag in G. Then G contains Go and thus G, has a finite finite index / in G. The orbit
of this flag under G consists of / distinct flags in R¢ which we denote by

wi=(vilc. .. .cviklcvik=RrY  j=1,...,L “.7)
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Any g € G permutes these flags and preserves their union. First we will construct corre-
sponding flags of continuous invariant sub-bundles. If / > 2 this requires in general to pass
to a finite cover and a power of F. After that we will show existence of continuous invariant
conformal structures on the factor bundles for each flag.

Foreachi = 1,...,k — 1 the subspaces Vi, j = 1,...,1, have dimension n;. Some
of them may coincide, so we denote the number of distinct ones by /;. We also denote their
union and its image under C by

v®=vybiy. .. uvhicRr? and Z/AIS) = C(x)U(i) Cc & forp-ae. x (4.8)

Then 2® depends measurably on x and is a union of /; distinct n;-dimensional sub-
spaces of &. Since g(U?) = UY for any g € G, we see that L?;i) is invariant under
F,ie. F, (Z:{,Ei)) = LA{;I; First we claim that for each x in M there exists Z/I)(Ci), a union
of [; distinct n;-dimensional subspaces of &, which depends continuously on x, coin-
cides with z)é” for p-a.e. x, and is invariant under F. This can be seen as in the proof of
Theorem 3.3. Indeed, we can define the measure m on the corresponding Grassmannian bun-
dle G by choosing the conditional measure 71, on G, to be the atomic measure equidis-
tributed on the /; points corresponding to Z:{)Ei) . Then m is invariant under the induced
cocycle on G. Thus by the same argument we obtain that there exists a system of condi-
tional measures m, on G, for m which are holonomy invariant and depend continuously
on x € M in the weak* topology. As before, the measures m, are atomic for all x. More-
over, the number of atoms is preserved by the stable and unstable holonomies since they
are induced by linear isomorphisms. Hence accessibility implies that the number of atoms
is [; for all x in M. Then m, corresponds to a union L{f) of [; distinct n;-dimensional sub-
spaces in £, which depends continuously on x and is invariant under F. We also denote
U = €.

We fix a point ¢ € M and denote the subspaces in Z/lg) by U, L, L{(IZ" L Locally
they can be uniquely extended to continuous sub-bundles /17, ..., Ui so that the
union of Z/l;’i, e Z/l)lci s uf). Similarly, they can be extended uniquely along any
curve. The extension along a loop based at ¢ produces a permutation of subspaces
Z/lql’i, R Z/lé"’i, which depends only on the homotopy class of the loop. Thus we obtain
a natural homomorphism p; : w(M,q) — X(l;) from the fundamental group of
M to the group of permutations of /; symbols. If the homomorphism p; is triv-
ial, then Z/lql’i, RV Z/{,;"’i extend globally to continuous sub-bundles ¢/ Li Ul over
M.

We consider the homomorphisms p; for eachi = 1,...,k — 1 and denote their direct
product by p : w1 (M, g) — (1) X ... x Z(lx—1). If p is non-trivial we pass to a finite
cover as follows. The kernel H; = ker p is a normal subgroup of finite index in 71 (M, g).
Hence there exists a finite cover p : M — M such that p, (7 (M, §)) = H, for any
g € p~'(q). By taking the pullback under p we obtain the bundle & over M and for each
i =1,...,k—1the corresponding union of subspaces Z:ly) in &;. Fix some ¢ € p~'(q). We
claim that for each i the subspaces in I;{;) extend to continuous 7;-dimensional sub-bundles

ubi, ..., Ui of € so that Z;l;’i U...u Z;{)éi’i = Z;I;i) for all ¥ € M. It suffices to check that
any loop 7 € 71 (M, §) induces trivial permutations. Indeed, poy € H, by the construction

of M, and 7 and p o 7 induce the same permutations since the extension along 7 projects
to that along p o y.
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Now we lift f to the cover M. Fix any § € p~'(¢) and choose any X € p~'(f(q)).

M, § ‘—f> M, % TiM, §) 71 (M, %)
P P Px 4 Dx 4
Mg-L M @) mM.g) L M. £g)

A necessary and sufficient condition for existence of f M—> M satisfying f (g) = X and
covering f o pistheinclusion ( f o p).(m; (M q)) C ps(my (/\/l X)). We will show the equal-
ity. We recall that p, (m (M, G)) = H, by the construction. It follows that p, (; (M, %)) is
the subgroup H ) of m (M, f(q)) that consists of all loops inducing trivial permutations of
the subspaces at f(g). Indeed, for any natural isomorphism i; : 71 (M, f(q)) — w1 (M, q)
given by a path s from g to f(g) it is easily seen that i;(Hy)) = Hy, and for any cover
is(ps(m (M, %)) = P (71 (M, g)) since the latter is normal. Finally, fi.(H,) = Hy ()
since for any loop y € 71 (M, g) the cocycle F gives a homeomorphism between the restric-
tions of £ to y and to f o y, which maps /() to ¢/ and hence preserves the type of the
induced permutation. We conclude that (f o p). (7 M, q)) = p«(m1 (M, %)) and thus the
lift f exists.

We note that the manifold M is compact and connected, and the lift f satisfies our standing
assumptions. Indeed, since the projection p is a local diffeomorphism, the invariant volume
w lifts to an invariant volume i, and the partially hyperbolic splitting for flifts to the one for
f. Moreover, f satisfies the same bunching and its stable/unstable foliations project to those
of f. It follows that f is accessible. Indeed, by compactness and connectedness, it suffices to
show that any point § € M has a neighborhood whose any point 3 can be connected to §
by an su-path. Let ¢ = p(g) and y = p(7). By [22, Lemma 4.4] ¢ can be connected to any
sufficiently close y by an su-path arbitrarily close to a certain contractible su-path from ¢ to
g. The lift of such a path to M gives an su-paths connecting ¢ and .

We denote by F:&— Ethe unique lift of the cocycle F to the cocycle over f . We note
that € and F are B-Holder, and F is fiber-bunched. We also lift the matrix functions A and C
to M, A(X) = A(p(%)) and C(X) = C(p(%)), and note that A(¥) = C~(F (X)) F(X) C(¥)
for ji-a.e. X, where i is the lift of u.

For each i the cocycle F preserves the union /%) of sub-bundles /%, ..., %" Since
the sub-bundles are continuous, the permutation of their order induced by F 7 1s contmuous in
% and hence is constant on M. Hence there exists N such that the cocycle F=FN preserves
every sub-bundle Uii=1,...k—1, j =1,...,1;. Moreover, these sub-bundles can be
arranged into flags W', ..., W' which are mapped by C~ (%) to the flags W', ..., W!in
R4 for fi-a.e. ¥ up to a permutation which depends on %. (We can not expect this permutation
to be constant a.e. since modifying C on a set of positive measure by an element of G gives
a different version of A satisfying the conclusion of the Amenable Reduction Theorem.)
Indeed, for each i and for fi-a.e. X the isomorphism C () maps U ®) to g) and thus marks the
inclusions between subspaces Z/{1 = ~)l?"‘1”71 and I;{;’i, s L?)l{’i that correspond to
the inclusions in the flags W1, . Wl We can view these inclusions as a measurable function
Y; from M to the set of bmary relatlons between the sets {1, . , 1yand {1,...,[;}. We
note that the cocycle Fis conjugate by C to the matrix cocycle A = AN Wlth values in
the same group G. All elements of G permute the flags W', ..., W! and thus preserve the
corresponding binary relations. Since F also preserves all sub-bundles /7!, we conclude ;
is invariant under £V and hence is constant ji-a.e. by ergodicity. The inclusions given by the
functions 1; arrange the sub-bundles ¢4/ into desired flags W', ..., W'. We fix one these
flags and denote it
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W:{{O}:é"célc---cékzé}.

It remains to show that each factor bundle &’ / &=l i =1,...,k, hasacontinuous conformal
structure invariant under the factor cocycle induced by F.

Recall that any matrix A in G has the block-triangular form (4.6) and hence preserves
the subspaces V and Vi~!. Its factor map on Vi/Vi~! = R% is given by the block A;
and thus preserves the standard conformal structure o on R% . The orbit of o under the flag
stabilizer G is a finite set O in the space of conformal structures on R% . Since O is invariant
under G, so is the smallest ball containing O, which is unique in the space of nonpositive
curvature. The center of this ball is a conformal structure o, on V¢ /Vi~! = R% preserved
by the factor action of any matrix in G . Pushing o, by the action of G we obtain conformal
structures o; on the factors Vj”A/Vj”A’l of the flags wi, j =1,...,1 It follows that if
g € G maps W/ to W/’ then its factor map g : V/i/vii=l — vi'ijyiti=ltakes o to
o jr. By the construction of the flag W, for [t-a.e. x thereis j = j(x) such that S:’C = C‘()Z) Vi
and 5)%71 =C FVvii-L, Pushing o by C (X) we obtain a measurable conformal structure

ton & /-1 Since F is conjugate by C to A, which takes values in G, we conclude that
7 is invariant under the factor of ' on &' /&~ The stable and unstable holonomies for the
fiber-bunched cocycle F give the continuous holonomies for F and for its factor on & / -1,

Using Proposition 4.4 and Theorem 3.1 as before we conclude that 7 coincides ji-a.e. w1th
a continuous conformal structure on £ /£~ invariant under the factor cocycle of F. O

Remark 4.8 Suppose that there exist d continuous vector fields such that £ is spanned by the
firstdy + - - - +d; of them. Then the theorem implies that Fis continuously cohomologous to
a Cocycle with values in a standard maximal amenable subgroup of G L(d, R) given by (4.6).

Indeed, since £ ~ M x RY we can view the cocycle as a function F:M— GL(d,R),

moreover, the vector fields give a continuous coordinate change C: M- GL(d,R)
such that A(x) = C~(f x)I:" (x) C(x) has a block triangular form. Each diagonal block A;
corresponds to the factor cocycle on £/£/~! and thus preserves a continuous conformal
structure 7; on R%  i.e. A; x)(ti(x)) = 7 ( f x). To make the diagonal blocks conformal we
change the coordinates in R% by the unique positive square root of the matrix of ; (x).

4.6 Example

We give an example of an analytic cocycle F on & = T2 x R? over an Anosov automorphism f
of T> = R?/Z? so that F is fiber bunched and has only one Lyapunov exponent with respect to
the Haar measure j, but has no invariant ;-measurable sub-bundles or conformal structures.

We view cocycles as GL(2, R)-valued functions. We construct F using its 4-cover F on
T? = R?/(4Z x Z), which is conjugate to a diagonal cocycle A. We define

Ax) = [0(6‘) b&)] , where a(x) =14 €cos(rxy), b(x) =1—¢€cos(mxy);
Cl) = [cos(%xl) —sin(%xl)]

T . T
sin(%xl) cos(%xl) :R(Exl)’ the rotation by Exl'

Both C and A are well-defined and analytic on T2. We choose ahyperbolic matrix in SL(2, Z)
congruent to the identity modulo 4, e.g. [‘3‘% 3 ] and let fand f be the induced automorphisms
of T2 and T?, respectively. Then we define the function

Fx)=C(fx)Ax) Cx)™'=C(fx)C)™" - Cx) Ax) Cx) . 4.9)
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The term C(fx) C(x)~! is the rotation R (% ((fx); — x1)) and hence is 1-periodic in both
x1 and x; by the assumption on f. A direct calculation shows that

1 [2 + e(1 4 cos(2mx1)) €sin(2mx;) ]

- PSRN |
CHAXCX) ™ = 2 € sin(2mxy) 2 —e(1 4 cos(2mxy))

Therefore F is 1-periodic in both x| and x», and it projects to an analytic function F on T2.
For small €, F and F are close to orthogonal, hence are fiber bunched.

Since a(0) # b(0), the functions a(x) and b(x) are not cohomologous, and hence the
coordinate line bundles £; and &, are the only invariant sub-bundles for A measurable with
respect to j [17, Lemma 7.1]. It is easy to see that A has one Lyapunov exponent

n—1
i = lim log(a(x)...a(f" 'x))

n—00 n

= /loga(x) din = /log b(x)dp for ji-a.e. x.

T2 T
Since F is conjugate by C to A, it also has one Lyapunov exponent with respect to ji, and
hence so does F. However, F has two exponents at 0 = f(0), log(1 4 ¢€) and log(1 —¢€), so it
cannot preserve a conformal structure. Also, F preserves exactly two sub-bundles U’ = C &;.
Their projections to T2 are not sub-bundles, as they “twist together into a single object”. (On
the intermediate cover T2 = R? /(2Z x Z) this object splits into two non-orientable invariant
sub-bundles, illustrating the lift in the proof of Theorem 3.4.) We conclude that F has no
invariant sub-bundle, since lifting one to 7> would give an invariant sub-bundle for F different
from U! and U?.

4.7 Subadditive sequences of functions

Proposition 4.9 plays a key role in the proof of Corollary 3.6. It removes extra assumptions
from [16, Proposition 3.5], which was similar to a result in [18], but proved to be more useful
for many applications.

Let f be a homeomorphism of a compact metric space X. A sequence of continuous
functions a, : X — R is called subadditive if

anik(x) < ap(x) +an(f*x) forallx € X and n, k € N. (4.10)

For any Borel probability measure i on X we denote a, (i) = f x @nd . If o if finvariant,
(4.10) implies that a,4r (1) < a, () + ax (), i.e. the sequence of real numbers {a, (1)} is
subadditive. It is well known that for such a sequence the following limit exists:

x () := lim an(p) — inf an(ﬂ).

n—oo n neN n

Also, by the Subaddititive Ergodic Theorem, if u is ergodic then

. a (x)
lim

n—oo n

= x(u) forp-almost all x € X. 4.11)

Proposition 4.9 Let f be a homeomorphism of a compact metric space X and a, : X — R
be subadditive sequence of continuous functions. If x (u) < 0 for every ergodic invariant
Borel probability measure u for f, then there exists N such that ay(x) < 0 forall x € X.

Proof We denote by M the set of f~invariant Borel probability measures on X. First we note
that, by the Ergodic Decomposition, if x (1) < O for every ergodic 1 € M, then the same
holds for every u € M.
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First we show that there exists K such that ax (1) < ¢ < Oforall u € M. Since x (u) <0
there exists n,, and ¢, such that a,, (1) < 2c, < 0. Since a, are continuous, for every
u € M there is a neighborhood V), in the weak™ topology such that a,, (v) < ¢, for every
v € V. We choose a finite cover {V),;, i € I} of M and set R = max; n; and ¢ = max; ;.
Take any ;1 € M and let i be such that u € V,,,. For any K we can write K = kn; +r, where
r < n; < R, and by the subadditivity we get

ak (n) < kay, () +ar () < ke + ap ().

Since a, are uniformly bounded for » < R, we conclude that ag (1) < ¢ < 0 provided that
K, and hence k, are sufficiently large. O

Lemma 4.10 Suppose that for a continuous function ¢ : X — R, ¢p(u) < ¢ for all u € M.
Then there exists nq such that % Z::(} ¢(f'x) < cforallx € X andn > ny.

Proof Suppose on the contrary that there exit sequences x; € X and n; — o0 such that

nj—1 P ni—1 .

S; = i} >y ¢(fix) = c. Note that S; = (u;), where ju; = L/ >y 8(fix))

is a probability measure. Using compactness of the set of probability measures on X we

may assume, by passing to a subsequence if necessary, that u; weak™ converges to a prob-

ability measure p. Since the total variation norm || fup; — pjll < r% it follows that the
: J

limit p is f-invariant. On the other hand ¥ (u) = lim ¥ (x;) > ¢, which contradicts the
assumption. O

Applying the lemma to a function ag satisfying ax (1) < ¢ < 0 we conclude that there
is ng such that Z?;ol ag(f'x) <cnforalln > ngand x € X. Letn = Km > ng. Using
subadditivity repeatedly, fori =0, ..., K — 1 we obtain

an(f'x) < ak (f'x) +ap—x (f¥Tx) < ...

< ag (fix) + ClK(fKHx) +---+ag (f(m*l)K‘Hx) .

Adding these K inequalities, we get

n—1

an(¥) 4 an (fx) + -+ an(f¥ 7)< D ak(fx) <en.
i=0

Let N=n+ K.Fori =0,..., K — 1, we obtain
an(x) < a;(x) + anek—i (f'x) < a;(x) + an(f'x) + ag—i (f"7x) = an(fx) + A (x),

where we set ag(x) = 0. Let M = max{|A;(x)|: 0 <i < K — 1, x € M}. Adding the
inequalities, we get

K- -any(x) <an(x) +an(fx)+ - +an(fX ")+ KM <en+ KM

and hence ay(x) < cn/K 4+ M. Since ¢ < 0, taking m = n/K sufficiently large, we can
ensure that ay (x) < O for all x. ]

4.8 Proof of Corollary 3.6

The fiber bunching assumption is used in the proofs of Theorems 3.1, 3.3, and 3.4 only to
obtain the stable and unstable holonomies for F. Thus it suffices to show that the assumption
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in the corollary also ensures their existence. Applying Proposition 4.11 below with & = 0
we obtain that for every € > 0 there exists C¢ such that

IEM - [(FM) ™Y < Cee!™! forallx € Mandn € Z. (4.12)

We consider € such that e¢ < min v(x)~#. Then (4.12) implies that for all sufficiently large n
the cocycle F" over f" is fiber bunched and, by Proposition 4.2, has the stable and unstable
holonomies. The holonomies for both F~ and F¥*+! are also holonomies for F¥®V+D and
hence coincide by uniqueness, Proposition 4.2 (c). This easily implies that they are also
holonomies for F'. We only need to check Definition 4.1(iii) for » = 1 which follows from
that forn = N 4+ 1 at x and forn = N at fx:

X N+1\—1 K
H;y = (Fy Hh=lo H}N+1fo+1y

=(F)'o (F}\;)’l o Hinyiy piity © F}Vx oFy = (Fy) o Hj, o Fy.

N+1
oF,

Proposition 4.11 Suppose that there exists & > 0 such that Ay (F, 1) — A_(F, n) < & for
every ergodic f-invariant measure . Then for any € > 0 there exists C. such that

Krp(x,n) = [[F™" - [(F)7Y < CeeTOM foralix € Mandn € Z.  (4.13)

Proof The proof is similar to that of [9, Proposition 2.1] but simpler due to the use of
Proposition 4.9. For a given € > 0 we apply Proposition 4.9 to the functions

ap(x) =log Kp(x,n) — (£ +e)n, neN.
It is easy to see from the definition of the quasiconformal distortion that
K(x,n+k) < K(x,k) - K(f*x,n) foreveryx € Mandn, k > 0. (4.14)

It follows that the sequence of functions {a,} is subadditive.
Let u be an ergodic f~invariant measure. As in (4.5) we obtain that

lim n~'log K (x,n) = Ay (F, ) —A_(F, n) <& for u-ae.x.
n—oo

It follows that limy,— oo 1~ a, (x) < —e < O for p-a.e. x, and (4.11) implies that x () < 0
for the sequence {a, }. Hence there exists N, such thatay, (x) < 0, i.e. K(x, N¢) < eE TN
for all x € M. The proposition follows for n > 0 from (4.14) by choosing C, sufficiently
large, and for n < 0 since K (x, n) = K(f"x, —n). O

4.9 Proof of Corollary 3.7

Let 7 be the continuous F-invariant conformal structure obtained in Theorem 3.1. It fol-
lows as in the proof of Proposition 4.4 that t(y) = H;y(r(x)) for all x € M and
y € W} .(x). By Proposition 4.2, ||H;y — Iyl < Cdist(x, y)#, and hence by Lemma
4.5 dist(Ley (t(x)), T(y)) < C’dist(x, y)#. The same holds for all y € Wi .(x). Now local
«a-Holder accessibility implies that 7 is ¢8-Holder on M.

In the proof of Theorem 3.3 we established that the sub-bundle is invariant under the
stable and unstable holonomies. Thus by the same reason it is f-Holder along W* and W*,
and af-Holder on M. Since the lift f in Theorem 3.4 is also locally «-Holder accessible,
we obtain the same regularity for the sub-bundles £ and the factor bundles &/~ In
particular, the holonomies for the induced cocycle on £ /£/~! are g-Holder along W* and
WS. As above, the conformal structure on &' /&= is invariant under these holonomies and
hence it is o8-Holder on M. O
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4.10 Proof of Corollary 3.8

The difference in the proof for the partially hyperbolic and Anosov case is in obtaining global
continuity on M from that along the stable and unstable foliations, and this argument is more
direct in the Anosov case.

Theorem 3.1 for Anosov case follows from Proposition 4.2 (a) and [9, Proposition 2.3].
Alternatively, as in Theorem 3.1, we obtain that the conformal structure t is essentially
B-Holder along W* and W* and then conclude that it is essentially S-Holder on M using
1-Holder accessibility and the local product structure of the measure, as in the end of the
proof of [9, Proposition 2.3]. In the proof of Theorem 3.3 we only need to replace the
reference [2, Theorem C] by [1, Theorem D] and then conclude that the invariant distribution is
B-Holder by Corollary 3.7. Using these results, Corollary 3.2 and Theorem 3.4 can be obtained
as in this paper.

The prove the last statement of the corollary we recall that for Holder continuous linear
cocycles over hyperbolic systems, the Lyapunov exponents of any ergodic invariant measure
can be approximated by Lyapunov exponents of periodic measures [7, Theorem 1.4]. Hence
we obtain A4 (F, n) = A_(F, n) for every ergodic f~invariant measure ; and the argument in
the proof of Corollary 3.6 applies.

4.11 Proof of Theorem 3.9

By Corollary 3.8 the conclusion of Theorem 3.4 holds, moreover, the invariant sub-bundles
and conformal structures are S-Holder.

We use notations from the proof of Theorem 3.4. Recall that F : & — £ is the lift of
F to the cocycle over f : M — M, and that the cocycle F = FN preserves the flags
W1, ..., W We denote these 8-Holder flags by

Wi={y=80célc..cét=¢), j=1...1

Now we define sub-bundles &' = le=1 &/ where the sum may be not direct, which form

a new fB-Holder flag, where the inclusions may be not strict. By the construction of W/,
this flag projects to a f-Holder F-invariant flag {0} = €0 c &' c &2 c ... c gk = ¢.
Eliminating unnecessary sub-bundles in case of equalities we obtain the desired flag (3.5).
We will show below that for eachi = 1, ..., k the factor bundle i /éi ~! has a continuous
conformal structure invariant under the factor of F'. This implies uniform quasiconformality
of the factor cocycle F® induced by F on £ /£/~! and, by Corollaries 3.2 and 3.8, existence
of a B-Hdélder conformal structure 7; on £ /& ~! invariant under F©,i = 1,..., k. Then
the proof is completed as follows.

We normalize the conformal structure 7; to get a f-Holder Riemannian metric ||.||§ on
5i/5i’l,i = 1,..., k, with respect to which F® is conformal. We denote by a;(x) the
scaling coefficients with respect to these norms:

IFO@); = a;(x)lvll; forall v e /" (x).

These are positive S-Holder functions, and for each periodic point p = f" p the product
a; (f”_1 p) - -a;(fp)a;(p) is the same for all i. Indeed, the matrix of F;} is block triangular
in any basis of £, appropriate for the flag, and the above product is simply the modulus of
the eigenvalues of the block corresponding to £ /£1~!; all these moduli are equal since F »

has only one Lyapunov exponent. Now by the Liv§ic theorem [11], [10, Theorem 19.2.1] this
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implies that the functions a; are cohomologous, more precisely there exist positive S-Holder
functions ¥; such that for all x

ai(x) = a1 ()Y (fOvi)~ =2, k.

Choosing new metric ||.||; = 1//171 I.;,i =2,..., k, makes a; the scaling coefficient for all
F® _Hence the cocycle a(x) ' F(x) induces isometries on each £/ /&1, i =1,... k.

It remains to obtain conformal structures on &’ / &~1 invariant under the factors of F. We
fix 1 <i < k. As we showed in the proof of Theorem 3.4, for each j = 1, ..., [ the factor
of F on £+ /£~ has an invariant conformal structure, which in our case is B-Holder. We
normalize these structures to obtain B-Holder Riemannian metrics g;. As in the argument
above we can show that the scaling coefficients of F are cohomologous functions. Hence
we may assume that the metrics g; are normalized so that for some positive function ¢ the
cocycle F = @F induces an isometry on &7/ /€/7=1 for each j = 1,...,1. To simplify
notations we will also write F for its induced map on any factor bundle.

We fix j and consider &/ = £+ /(€)1 N £~ as a factor bundle of £/+1 /€7~ Since F
is isometric on /1 /€711 it preserves the orthogonal complement of (£/ fi’l)/éj i1
and the metric g; restrlcted to it. This orthogonal complement is isomorphic to &7, and thus
we obtain an F-invariant metric g; on EJ. Now we view &/ as a sub-bundle of £/ /&'~ so
that £ /S’ = Z,zl &7, and combine the metrics gj as follows. Let U = E'NE? and Z/IJ-

be its orthogonal complement in £2. As before, F preserves U and the restriction of g to
it. We combine g; and g, into F-invariant the Riemannian metric on £! 4+ &2 = €' @ Ut by
declaring the last two bundles orthogonal. Continuing this inductively we obtain a S-Holder
Riemannian metric on £ /£~ with respect to which F is isometric and F' conformal.

4.12 Proof of Theorem 3.10

By Theorem 3.9 the cocycle G(x) = ¢ (x)F(x) induces isometries on each factor bundle
&1 /&= Inductive application of the next proposition shows that || G” (x)|| < Dn*~!. Apply-
ing it to G~! yields ||G™"(x)|| < Dn*~!, and hence the quasiconformal distortion satisfies
Kg(x,n) < Cn?*=D Since Kr(x,n) = K¢ (x, n), the first part of the theorem follows.

If Ay (F, up) = A_(F, up) = 0, then ¢(x) is cohomologous to the constant 1 and, by
rescaling the norm, we obtain that F itself induces isometries on each factor bundle £ /&1
Hence the second part also follows from the next proposition.

Proposition 4.12 Let F : £ — & be a continuous linear cocycle over f and let V be an
F-invariant continuous sub-bundle. Suppose that the factor cocycle F : £/V — £/ V is an
isometry and that for some C and k the restriction Fy = F|y satisfies || Fy, (x)| < Cnl for
all x and n € N. Then there exists a constant D such that | F"(x)|| < Dn’™! for all x and
nelN

Proof We denote by P : £ — £/V the natural projection and by = : £ — V the orthog-
onal projection with respect to some Riemannian metric on £. Then for any x the map

v = (P(v), m(v)) identifies £(x) with £/V (x) & V(x), and max{||(P(v)|], |7 (v)||} gives
a convenient continuous norm on £. Since the linear map

ANx)=@m@oF —Fyom)(x):E(x) = V(fx)
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is identically zero on V (x) we can write it as A’(x) = A(x) o P, where the linear map
A(x) : E/V(x) = V(fx) depends continuously on x. Thus we have

ToF=Fyomr+AoP, PoF"'=F"oP, andhence
ToF"=(Fyon+AoP)oF" '=Fyo@moF" )+ AcF" 'oP
=Fyo((Fyomr+AoP)oF" )+ AcF" 'oP
:F‘Z/O(]TOFn72)+FVOAOFn720P+AOFn71OP:...
n—1
=Fjom+ Y Fy 7 'oAoF oP.
i=0

Let K be such that ||[A(x)|| < K for all x. Since by the assumptions ||F"‘,|| < Cn' and

| Fi|| = 1, we can estimate
n—1
lr o F"(x)| < Cn/ + D Cn—i—1)/ - K < Cn/ +nCn/K < Dni!
i=0
for some constant D independent of n and x. Since || P o F"'|| = || F"o P|| < 1, we conclude
that

IF" ()| = max {[|P o F" ()|, w0 F" ()|} < Dn/*.
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