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Abstract

We study perturbations of a partially hyperbolic toral automorphism L which is diag-
onalizable over C and has a dense center foliation. For a small perturbation of L with
a smooth center foliation we establish existence of a smooth leaf conjugacy to L. We
also show that if a small perturbation of an ergodic irreducible L has smooth center
foliation and is bi-Holder conjugate to L, then the conjugacy is smooth. As a corollary,
we show that for any symplectic perturbation of such an L any bi-Holder conjugacy
must be smooth. For a totally irreducible L with two-dimensional center, we establish
a number of equivalent conditions on the perturbation that ensure smooth conjugacy
to L.

1 Introduction and statements of results

Partially hyperbolic ergodic toral automorphisms, which are sometimes called quasi-
hyperbolic, form an important class of algebraic partially hyperbolic systems. They
have been extensively studied and shown to have strong stochastic and other properties,
often similar to those of hyperbolic systems: Bernoulli property [25], uniqueness of the
measure of maximal entropy [5], exponential mixing [26], density of periodic measures
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[27] and their asymptotic equidistribution [26], and cohomological properties similar
to LivSic periodic point theorem and measurable LivSic theorem [34].

Perturbations of partially hyperbolic ergodic toral automorphisms give a natural
class of partially hyperbolic systems. In contrast to linear models, the properties of
such perturbations are much less understood. Some of the difficulties presented by
these nonlinear systems are due to multidimensional non-compact center leaves. For
totally irreducible ergodic toral automorphisms with two-dimensional center foliation,
stable ergodicity was established by Rodriguez Hertz in [31]. Further properties for
this case, including the stable Bernoulli property for symplectic perturbations, were
obtained by Avila and Viana in [1].

In this paper we study rigidity properties for perturbations of partially hyperbolic
toral automorphisms related to the smoothness of their center foliation. In particular,
we obtain smoothness of the leaf conjugacy to the linear system, and smoothness of
the conjugacy when one exists. Our main results hold for systems with dense center
foliation of any dimension, but have no analogs in the hyperbolic case. Further results
are then deduced for systems with two-dimensional center foliation using [1, 31].

We consider a linear map L € SL(d, Z) and use the same notation for the cor-
responding toral automorphism L : T¢ — T¢. The map L is called irreducible if
it has no rational invariant subspaces, or equivalently if its characteristic polynomial
is irreducible over Q. The automorphism L is ergodic with respect to the Lebesgue
measure if and only if no root of unity is its eigenvalue. We define the stable, unstable,
and center subspaces E¥, EY, and E€ for L as those corresponding to eigenvalues of
modulus less than 1, greater than 1, and equal to 1, respectively. We denote by W*, W,
and W€ the corresponding linear foliations. An irreducible ergodic automorphism L
is always partially hyperbolic, that is, it has non-trivial £ and E*. We will consider
partially hyperbolic automorphisms L with non-trivial center E°.

We consider a C™ diffeomorphism f which is C! close to L. Such f is partially
hyperbolic, more precisely, there exist a nontrivial D f-invariant splitting £ ®E P EX
of the tangent bundle of T4, a continuous Riemannian metric on T¢, and constants
v <1, D> 1, y, 7, such that for any x € M and any unit vectors v* € &°(x),
v¢ e £°x), and v* € E%(x),

IDxf)I <v <y <IDxf) <y <D <DefQII.

The sub-bundles €%, £%, and £¢ are called stable, unstable, and center. The stable
and unstable sub-bundles are tangent to the stable and unstable foliations WV and
W, respectively. The leaves of these foliations are C*°. By structural stability of
partially hyperbolic systems [16], f is dynamically coherent, that is, the bundles £,
EM =E"PEC, and £ = E° @ £ are tangent to foliations W€, W and W with
C7 leaves, where r > 1 is determined by expansion/contraction in £¢ relative to the
rates for £ and £%. Moreover, f is leaf conjugate to L by a bi-Holder homeomorphism
h close to the identity. A leaf conjugacy is a homeomorphism /: T¢ — T¢ mapping
the leaves of V¢ homeomorphically to the leaves of W€ such that

h(f W (x))) = WS(L(h(x))) foreveryx € T,
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Now we formulate our main results. First we establish existence of a smooth leaf
conjugacy for a perturbation with a smooth center foliation.

Theorem 1.1 (Smooth leaf conjugacy) Let L : T¢ — T be a partially hyperbolic
automorphism which is diagonalizable over C and has dense center foliation W*€.
Let f : T — T be a C™ diffeomorphism which is C' close to L. If W¢ is a C®
foliation, then f is C* leaf-conjugate to L.

We note that the theorem applies, in particular, to all irreducible partially hyperbolic
automorphisms. Also, if the theorem applies to automorphisms L and Lj, then it
applies to Ly x Ly and L x Id« as well.

Remark 1.2 Theorem 1.1 has a finite regularity version: if WW¢ is a C” foliation with
r > r(L) from (1.1) below, then f is C? leaf-conjugate to L where ¢ = r ifr ¢ N
and g = r — ¢ for any ¢ > 0 if » € N. This can be obtained by the same argument
using C” normal form coordinates and Journé’s lemma [17].

Next we consider the case when f is bi-Holder conjugate to L. That is, we assume
that there exists a Holder continuous conjugacy 4 with a Holder continuous inverse.
We obtain C*° smoothness of this conjugacy if W has sufficient regularity defined
as follows. Let 1 < pp. < pff,, be the smallest and largest moduli of unstable
eigenvalues of L, andlet 0 < p). < p5.. < 1 be the smallest and largest moduli of
its stable eigenvalues. We set

r'(L) = (log ppax)/ (l0g priy) > 1,
r*(L) = (log ppin)/(10g pia) = 1, (1.1
r(L) = max {r*(L), r’(L)}.

Theorem 1.3 (Smoothness of bi-Holder conjugacy) Let L : T¢ — T be an
irreducible ergodic automorphism and let r > r(L). Let f : T¢ — T¢ be a volume-
preserving C* diffeomorphism that is sufficiently C' close to L. If f has C" center
foliation and is conjugate to L by a bi-Holder homeomorphism h, then h is C.

Remark 1.4 If E" and E° are one-dimensional it suffices to take » = 1 rather than
r > r(L) = 1, that is, to assume that the center foliation is C'. Indeed, for one-
dimensional leaves the analog of the centralizer part of Theorems 2.1 and 2.3, which
we use in the proof, was established in [23] in C! regularity.

For a symplectic perturbation f we obtain the following corollary.

Corollary 1.5 Let L : T¢ — T9 be a symplectic irreducible ergodic automorphism
and let f : T — T4 be a C* symplectic diffeomorphism which is C'-close to L. If
f is bi-Holder conjugate to L, then f is C* conjugate to L.

This result is a rare example of rigidity in smooth dynamics, in the sense of “weak
equivalence implies strong equivalence”, that holds for a single system rather than an
action of a higher rank group. It relies on coexistence of hyperbolic and elliptic behavior
in one system, and thus is also a rare example of aresult for partially hyperbolic systems
that does not cover hyperbolic systems as a particular case.
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Remark 1.6 Theorem 1.3 and Corollary 1.5 hold more generally for any automorphism
L which is partially hyperbolic, ergodic, diagonalizable over C and has a dense center
foliation. This class of automorphisms includes products of irreducible ergodic auto-
morphisms. The proof'is essentially the same utilizing Proposition 5.1. See Remark 3.3.

Now we consider the case of L with two-dimensional center. We call a toral auto-
morphism L totally irreducible if L" is irreducible for every n € N. Such an L is
always ergodic. For a totally irreducible automorphism L with exactly two eigenval-
ues of absolute value one, that is dim £¢ = 2, Rodriguez Hertz proved in [31] that it
is stably ergodic, more precisely, any sufficiently C*2-small volume-preserving per-
turbation of L is also ergodic. For such L we use some results from [31] and [1] to
obtain further corollaries of Theorem 1.3.

We recall definitions accessibility and Lyapunov exponents before stating further
results. A partially hyperbolic diffeomorphism f of T is called accessible if any two
points in T¢ can be connected by an su-path, that is, by a concatenation of finitely
many subpaths each lying in a single leaf of WW* or W".

Let u be an ergodic f-invariant measure. Then by Oseledets Multiplicative Ergodic
Theorem [29] there exist numbers A; < --- < Ay, called the Lyapunov exponents
of f with respect to u, an f-invariant set A with w(A) = 1, and a Df-invariant
Lyapunov splitting R? = 7T, T¢ = 5)1 @--- @& for x € A such that

lim n~'og || Dy f"(v)|| = A; foranyi =1,...,m andany 0 # v € ..
n—=+oo

Clearly, the Lyapunov splitting refines the partially hyperbolic one.
In the next theorem and corollary we set N = 5ifd > 4and N =22 ifd = 4.

Theorem 1.7 (Rigidity for two-dimensional center) Let L : T¢ — T be a totally
irreducible automorphism with exactly two eigenvalues of absolute value one and let
r > r(L). Let f : T¢ — T¢ be a volume-preserving C* diffeomorphism which
is sufficiently CN close to L and has C" center foliation. Then any of the following
equivalent conditions implies that f is C° conjugate to L.

(1) Lyapunov exponents of f with respect to the volume on £ are all 0;

(2) Lyapunov exponents of f with respect to the volume on £ are equal;

(3) f is not accessible;

(4) f is topologically conjugate to L;

(5) W* and W* are jointly integrable, that is, there exists a continuous foliation of
dimension dim W* 4 dim W* sub-foliated by W* and W".

Corollary 1.8 Let L be as in Theorem 1.7 and symplectic, and let f : T — T be a
C™ symplectic diffeomorphism which is sufficiently CN-close to L. Then any of the
following equivalent conditions implies that f is C*° conjugate to L.

(0) f has at least one zero Lyapunov exponent with respect to the volume;
(1-5) as in Theorem 1.7;
6) &5 & isCl.
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Remark 1.9 Thus for perturbations as in Corollary 1.8 we have a dichotomy: either f
is non-uniformly hyperbolic or f is smoothly conjugate to L.

This strengthens the earlier result in the same setting [1, Theorem I] which showed that
either f is non-uniformly hyperbolic or f is conjugate to L via a volume-preserving
homeomorphism. Smoothness of the conjugacy was only known for the case of T*
[1].

Our results are somewhat similar to some of the recent rigidity results for partially
hyperbolic systems related to absolute continuity of the center foliation [2, 3, 6, 32]. For
example, our Theorem 1.1 can be compared to a theorem of Avila-Viana-Wilkinson
[3] on T>. Namely, they consider volume preserving perturbations f of a partially
hyperbolic automorphism L (x, y) = (Ax, y) of the 3-torus T>. Then, by applying the
invariance principle [1], they show that the center foliation is absolutely continuous if
and only if it is smooth. Consequently, f is smoothly conjugate to a diffeomorphism
of the form (x, y) — (g(x), y 4+ ¢(x)). This result was generalized to the case of
higher dimensional compact center foliation by Damjanovic and Xu [6, Theorem 6].

We note that papers [2, 3, 6, 32] consider diffeomorphisms whose center foliation
either has compact leaves or comes from the orbit foliation of a hyperbolic flow. Fur-
ther, they also strongly rely on one-dimensionality of stable and unstable foliations (or
areplacement assumption such as quasi-conformality or splitting into one-dimensional
subbundles). In contrast our methods treat all dimensions in a uniform way and pri-
marily rely on denseness of center leaves and the theory of normal forms [12, 13, 18,
22].

Structure of the paper. In Sect. 2 we summarize results on normal forms that play
an important part in our arguments. Then we prove Theorem 1.3 in Sect. 3. The
existence of the conjugacy in this case allows us to present one of the main arguments,
smoothness along stable/unstable foliations via normal forms and holonomies, in a
simplified form. We deduce Corollary 1.5, Theorem 1.7, and Corollary 1.8 in Sect. 4.
In Sect. 5 we prove Theorem 1.1, giving modifications needed to carry out the normal
forms and holonomies arguments in the case of leaf conjugacy.

2 Normal forms for contractions

In this section we give preliminaries on non-stationary normal forms for contractions.
To make the presentation less technical, we formulate the results only for perturbations
of linear maps. This is sufficient for our purposes.

Let f be ahomeomorphism of a compact connected manifold (or a compact metric
space) M. Let £ = M x R¥ be a vector bundle and let U C & be a neighborhood of
the zero section. We will consider a C” extension F of f,thatis,amap F : U — &
that projects to f, preserves the zero section, and such that the corresponding fiber
maps Fy : Uy — Ey(r) are C" and depend continuously on x in C" topology. We will
assume that the derivative of F at the zero section is sufficiently C° close on M to a
constant linear contraction, that is, Dg F is close uniformly in x to a fixed linear map
A € GL(k,R) with ||A] < 1.
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For any such matrix A there exists a finite dimensional Lie group P4 with respect to
composition which consists of certain polynomial maps P : R¥ — R* with P(0) =
0 and invertible derivative at 0. The elements of P4 are so called sub-resonance
generated polynomials. This group is determined by the (ratios of) logarithms x; <

- < x¢ < 0of absolute values of eigenvalues of A and by the corresponding invariant
subspaces. The degrees of these polynomials are bounded above by d(A) = x1/xe,
which yields that this group is finite dimensional. A precise definition of P4 can be
found in [12, 13], but it does not play a role in this paper.

The following theorem was established in [12, 13] for r € N U {00}, in [22] for any
r in nonuniformly hyperbolic setting, and in [18] for this setting.

Theorem 2.1 (Normal forms for contracting extensions) Let A € GL(k, R) with
Al < 1, lete >0andr € [d(A) +¢,00]. Let F : U — &£ be a C” extension of f
whose derivative at the zero section is sufficiently CO-close to A.

Then there exist a neighborhood V of the zero section and a family {®,}cpm of
C” diffeomorphisms ®, : V. — &, satisfying ©,(0) = 0 and Dy®, = Id and
depending continuously on x in the C" topology, which conjugate F to a polynomial
extension P, i.e., for all x € M,

®ryo Fy = Pyo®y, where Py € Py. 2.1)

Moreover, let g : M — M be a homeomorphism commuting with f and let
G : U — & be a C4¥M+e extension of g preserving the zero section and commuting
with F. Then for all x € M,

gy 0 Gyo® ! e Pa. (2.2)

Remark 2.2 (Global version) Suppose that F : £ — £ is a globally defined extension
which satisfies the assumptions of Theorem 2.1 and either contracts fibers or, more
generally, satisfies the property that for any compact set K C £ and any neighborhood
V of the zero section we have F"*(K) C V for all sufficiently large n. Then the family
{®}rem can be uniquely extended “by invariance”®, = (P):')_1 oD puyy o FY to
the family of global C" diffeomorphisms ®, : £, — & satisfying (2.1). Moreover,
if G is another extension which commutes with F, then it satisfies (2.2) globally.

These results can be applied in the context of foliations as follows. Let f be a
diffeomorphism of a compact connected manifold M, and let YW be an f-invariant
continuous foliation of M with uniformly C* leaves. The latter means that all leaves
are C*° submanifolds and all their derivatives are continuous on M.

Suppose that f contracts WV and that the derivative Df |7y, as a linear extension
on & = TW,is close to a constant A. Restricting f to the leaves of V and identifying
locally W, = W(x) with TV, we obtain a corresponding non-linear extension F as
in Theorem 2.1 and hence a family {®, } < A4 of local normal form coordinates, Then,
as in Remark 2.2, they can be extended to global diffeomorphisms &, : W, — &;
satisfying (2.1). The important new statements in this setting describing dependence
along the leaves, parts (2) and (3) in the next theorem, were established in [21].
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Theorem 2.3 (Normal forms for contracting foliations, [21]) Let f be a C*° diffeo-
morphism of a smooth compact connected manifold M, and let VYV be an f-invariant
topological foliation of M with uniformly C* leaves. Suppose that WV is contracted
by f, and that the linear extension Df |1y is close to a constant A as in Theorem 2.1.
Then there exists a family {®y } e pm of C° diffeomorphisms @, : Wy — Ex = ThyW
such that for each x € M,

Py = Dypy ofo@;1 1 & = Ef) isin Pay.

The family {®,},c p has the following properties:

. &, (x) = 0and DDy is the identity map for each x € M;

. @, depends continuously on x € M in C* topology and smoothly on x along the
leaves of W;

3. Forany x € M andy € W, the map ®, o CI>;1 1 & — &y is a composition of a

sub-resonance generated polynomial in P4 with a translation;

4. If g is a homeomorphism of M which commutes with f, preserves W, and is

C4D*e glong the leaves of W, then

for each x € M

N =

Oy =®ruyo0go CD;I 1 & = Egry isin Pa.

Another way to interpret (3) is to view @y as a coordinate chart on W, identifying
it with &, and in particular identifying £, = T, W, with Tg ()& by D, ®,. In
this coordinate chart, (3) yields that all transition maps ®, o CID;1 for y € Wy are
in the group generated by the translations of &, and the sub-resonance generated
polynomials, which is isomorphic to the Lie group P4 generated by P4 and the
translations of R¥. Clearly, this group is also finite dimensional.

3 Proof of Theorem 1.3

By standard considerations we may assume that / is homotopic to idps. Indeed, the
induced map £ : Z¢ — 7Z¢ on the first homology group of T is given by a matrix
C € GL(n, Z), which defines an automorphism of T¢. Replacing f by C o f o C~!
and i by h o C~!, we may assume that h, = id, i.e., h is homotopic to the identity
map. Note that i does not have to be C? close to identity.

3.1 Outline of the proof

We denote the stable, unstable, and center sub-bundles for L by E®, E¥, E€, and the
ones for f by £°, &%, £¢. Similarly, we use W and W for the corresponding foliations
for L and for f. Lemma 3.1 below shows that the conjugacy % respects the foliations,
so essentially we study its smoothness by restricting it to W*, W*, and W¢. The
first part of the proof, Sect. 3.2, is showing smoothness along the stable and unstable
foliations using normal forms and center holonomies.
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The second part of the proof is to establish uniform smoothness of / along the center
foliation. We first do it for the stable and unstable components of % in Sect. 3.4, and
then global smoothness of the stable and unstable components follows by the standard
application of Journé’s Lemma [17]. Finally, we use a different argument to establish
global smoothness of the center component in Sect. 3.5.

The following lemma has a rather standard proof and we include it for the sake of
completeness.

Lemma 3.1 Let L be a partially hyperbolic toral automorphism and let f be a dynam-
ically coherent partially hyperbolic toral diffeomorphism topologically conjugate to
L by a homeomorphism h. Then h(OW*) = W* for x = s, u, c, cs, cu.

Proof We show that center unstable leaves for f are mapped to those for L. With
respect to a suitable metric, L does not increase distances along W€, that is,
dist(L"x, L"y) < dist(x, y) forany y € W (x) andn € N. Then h~!(y) will remain
close to 4~ (x) under forward iterates of f. More precisely, forany & > Othereis$ > 0
such that dist(f*(h~'(x)), f*(h~'(y))) < e forany n € Nand y € W (x) with
dist(x, y) < 8. If ¢ is sufficiently small, this implies that 2~ (y) € W (A~ (x)), as
otherwise they would separate exponentially along the unstable direction until reaching
a “moderate”distance > ¢. By connectedness, all points of W (x) must be mapped
to the same center stable leaf of f, so we get A~ (W (x)) € W (h~!(x)). The
equality follows from /4 being a homeomorphism. Applying the Invariance of Domain
Theorem to ~~! from a small ball in W (x) to W (h~!(x)), we conclude that & is a
local homeomorphism between center stable leaves of f and L on small balls of fixed
size. By connectedness, all points of W (h~1(x)) must come from the same center
stable leaf of L.

Similarly, W is mapped to W, and it follows that /¢ is mapped to W€ as the
intersection of W and W.

We also have W* is mapped to W*, and similarly for W* and W*. Indeed if
y € W¥(x) then d(f"x, f"y) — 0 and hence d(L"h(x), L"h(y)) — 0. It follows
that h(y) € W¥(h(x)) and so h(W*(x)) C W*(h(x)). The equality again follows
since 4 is a homeomorphism. O

3.2 Smoothness of the conjugacy along the stable leaves

Since f is a small perturbation of L, Theorem 2.3 applies and yields existence of the
normal forms on YW* and W* corresponding to the groups of sub-resonance generated
polynomials Ps = Ppgs and P, = Ppr|gu, respectively.

Now we consider the holonomies H = H of W€ inside WW**, that is, the maps

Hy,y : W(x) > Wi(y) givenby Hy ,(z) = W (2) N W (y).

Since the topological conjugacy i maps stable leaves to stable leaves and center
leaves to center leaves, the intersection consists of exactly one point, just as the corre-
sponding intersection for L does. Furthermore, the corresponding linear holonomies
H for L are the translations along W¢:if y € W¢(x) then H, ,(z) = z+ (y —x), and
h conjugates ‘H and H as follows
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Hyoy,ny) = h o Hay o b

We conclude that H is globally defined on the leaves of WW* and is as smooth as
wWe.

We fix a pair of complex conjugate eigenvalues of L of absolute value 1 and denote
by V the corresponding invariant 2-dimensional subspace of E¢. We will now show
that holonomies H which are conjugate to translations in V preserve normal forms on
wWe.

Proposition 3.2 For each x € T and y € WC(x) with h(x) — h(y) € V, the center
holonomy Hy y : W*(x) — W?S(y) preserves normal forms on W?*, that is, ®, o
Hyyo @;1 : & — & is a sub-resonance generated polynomial in Ps.

Remark 3.3 We will later extend this result in Proposition 5.1, which implies that
all center holonomies preserve normal forms on W*. Using this we can replace the
assumption that L is irreducible by the assumption that L is diagonalizable over C
and has dense center foliation. This yields a somewhat more general result given in
Remark 1.6

Proof For any vector v € V, the translation H,(x) = x + v, x € T, is a globally
defined map whose restriction to any stable leaf is a center holonomy for L. While
L and H, do not commute, we have L(H,(x)) = Lx + Rv, where the restriction
R = Ly is a linear map conjugate to the rotation by some angle 27 6. We will
denote by R’ the corresponding conjugate of the rotation by the angle 27 0¢, for which
R/ = 1d. Therefore, in order to apply Theorem 2.3, we pass to the suspension flow
and use time-1/6 map. The argument below is inspired by the one in [9].
We consider the mapping tori

My =T x[0,1]/(x, 1)~ (f(x),0) and My =T x[0,1]/(x, 1) ~ (L(x),0)
and the corresponding suspension flows { f S} and {L*} given by (x,1) — (x, 1 + ).
Then h induces the conjugacy h: My — My given by (x,1) — (h(x),t) between
the suspension flows. We also consider the map T, : T¢ x R — T¢ x R given by

T,(x,t) = (x + R "v, 1)

and its projegtion ﬁv T Mp — 1\~/I 1 to M. The translation H, embeds as t = 0 level
of the map H,. The projection H, is well-defined since

Ty(x, 1) =(x + R_lv, 1) is identified with
Ty(Lx, 0) = (Lx +v, 0) = (Lx + LR 'v), 0) = (L(x + R 'v), 0).

We note that 7, commutes with the map (x, ) — (x,#+ 1/6) on T<¢ x R. Indeed,
as R'/? = 1d we obtain

Ty(x, 1 +1/0) = (x + R™Y%, t +1/6) = (x + R v, t + 1/6).
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It follows that H, commutes with time-1/6 map L'/?, as the projections to M .

Since f is a small perturbation of L, Theorem 2.3 applies to the time-1/6 map of
the suspension flow { f*} and yields existence of the normal form coordinates {®,}
on its stable foliation YV* in M - In fact, the corresponding groups of sub-resonance
generated polynomials Py = P |gs are the same for all 7.

Foranyv e V, wehavethatthemapg =h'oH,oh: My — Myis aholonomy
map of the lifted center foliation W, and hence is C” along the leaves. Since H,
commutes with L1/¢ we obtain that ¢ commutes w1th A 179 Thus part (4) of Theorem
2.3 applies and we conclude that ®4(,) 0 g 0 ® D8 55 ® is a sub-resonance
generated polynomial. In particular, this holds at the level t = 0 of My where g
coincides with a holonomy map of W¢ on T¢. Moreover, any holonomy map Hy,y
as in the statement is given by 2~ o H, o h for some v € V. Thus we conclude that
by 0Hy o0 <I>;1 : & — &) is a sub-resonance generated polynomial map. O

We fix arbitrary x € T and y € W*(x). Since L is irreducible and V is L-invariant,
the linear foliation of planes parallel to V has dense leaves in T¢. Hence there exists
a sequence of vectors v, € V such that h(x) + v, converges to h(y). Denoting
v, = h~'(h(x) 4+ v,) we obtain a sequence of points y, € W¢(x) converging to
¥ so that Proposition 3.2 applies to holonomies H, ,, : W*(x) — W?*(y,). The
corresponding linear holonomies Hp(x) n(y,) = Hy, for L converge in C° to the
translation H, in W*(h(x)) by the vector v = h(y) — h(x). Hence the holonomies
H,,y, converge in €Y norm to some map Hy,y : Wi (x) — W?H(y), which is the
conjugate by 4 of this linear translation.

By Proposition 3.2, H,,y, is a sub-resonance generated polynomial map P, in
normal form coordinates, i.e.

— -1 . ¢s s
Py =®, oHyy,0® : & — Ey”

Since the normal form coordinates ®, depend continuously on y, the maps P,
converge in C? to the map

P=®,0H, o, : & — &,

which is also a sub-resonance generated polynomial. Using (3) of Theorem 2.3 and
identifying W* (x) with &£ by the C*° coordinate map ®,, we see as in the remark
after Theorem 2.3 that P is in the Lie group P, generated by the translations of IoN
and the sub-resonance generated polynomials, which is isomorphic to the Lie group
P4 generated by P4 and the translations of R¥.

Thus & conjugates the action of E¥ = R¥ by translations of Wf (h(x)) with the cor-
responding continuous action of R¥ by elements of the Lie group P of C* polynomial
diffeomorphisms of WW* (x). This conjugacy defines the continuous homomorphism

v ES — P, givenby n,(v) = h~'o H,oh.
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Itis a classical result that 1), is automatically a C°° homomorphism, see for example
[14, Corollary 3.50]. Since 7, determines the conjugacy along the leaf by

R (h(x) 4+ v) = 0 (0) (x),

we conclude that 2~ 1 is a C® diffeomorphism between W*(h(x)) and W?*(x), and
hence 4 is also C*° along W* (x).

Since the normal form coordinates ®,, as well as holonomies and their limits,
depend continuously on x, the constructed continuous action on W*(x) and the cor-
responding homomorphism 7, also depend continuously on x. This implies that 7,
depend continuously on x in C* topology, for example because it is determined by
the corresponding linear homomorphism of the Lie algebras. So we conclude that &
is uniformly C* along W*.

A similar argument shows that 4 is uniformly C* along WW".

Remark 3.4 The last part of the proof is similar to an argument pioneered by Katok and
Spatzier in [24] and used in other papers on higher rank actions. In these arguments a
continuous action by C* diffeomorphisms of WV (x) is obtained. The smoothness of
this action, and hence of /, follows then from a more difficult result [28, Section 5.1,
Corollary]. This argument, however, does not immediately yield that & is uniformly
C® along W*. Our argument relies on the advanced results on normal forms from
[21] to show that all maps P are contained in a single Lie group P,.

3.3 The conjugacy h is volume-preserving

We denote the Lebesgue measure on T¢ by m and the f-invariant volume by . We
will show that i, () = m.

We denote the Lyapunov exponents of f with respect to .« by A/, and the Lyapunov
exponents of L by AL. Since Df|g« is conjugate to L|g« by the derivative of 4 along
W, the Lyapunov exponents of f along £“ with respect to  are equal to the unstable
Lyapunov exponents of L. Since f and L are topologically conjugate, they have the
same topological entropy. Combining these observations with Pesin’s formula for the
metric entropy, see for example [4, Theorem 10.4.1], we obtain

hiop(f) =hu(f) =Y 2/ = Y 2/ =" 2" =hu(L) =higp(L) = hipp(f).

A >0 A1fon&u AL>0

Therefore, h;o,(f) = h,(f), that is, u is a measure of maximal entropy for f.
Since 2! is an isomorphism of measure preserving systems ( f, h ! (m)) and (L, m),
we see that hh;1 ) (f) = h,,(L). Hence h*_1 (m) is also a measure of maximal entropy
for f, and by its uniqueness [5] we conclude that /.. () = m.

3.4 Global smoothness of the stable and unstable components

We already proved that / is uniformly C* along YW* and WW". To show global smooth-
ness of & we now study its regularity along WW¢. For this we will decompose % into
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stable, unstable, and center components and consider them separately using their series
representations. In this section we will obtain uniform smoothness along W€ of the
stable and unstable components and thus establish their global smoothness by Journé’s
Lemma. For the center component, in the next section, we will use a different argument
based on exponential mixing and a regularity result from [10].

Recall that 1 o f = L o h. We denote by f and  the lifts of £ and & to R? which
are compatible with the standard lift of L so that we have & o f = L o h. Also recall
that % is homotopic to the identity and f is homotopic to L. Hence we can write

h=1d+H and f=L+F,

where H, F : R? — R? are Z%-periodic, and hence can be viewed as functions H
and F from T¢ to R?. Then the commutation relation

(Id+ H)o(L+F)=Lo(d+ H) yields H=L""(Ho f)+ L 'F.

It is easy to check that the latter projects to the torus as the following equation for
R¢-valued functions on T¢

H=L"Hof)+G, whereG=L"'F.

Using the L-invariant splitting RY = E* @ E¢ @ E* we define the projections H
and G, of H and G to E*, where x = s, u, ¢, and obtain

H,=L;'"(H,o f)+ G,, where L, = L|g. (3.1
Thus H, is a fixed point of the affine operator
T.) =L (o /) + Gy (3.2)
with the inverse T*_l((p) =Ly(pof)—Lyi(Gyo fh.

Since ||L,;1 || < 1, the operator 7, is a contraction on the space C O(T", EY), and
thus H,, is its unique fixed point

o0
. k —k k

Hy = lim T;/(0) = ZLM (Guo ). (3.3)

k=0

Similarly, T 1 is a contraction on C%(T?, E®) and H, is its unique fixed point
o
. —k k —k

Hy = lim 7740) = —’;LX(GS o f7h. (3.4)

Our goal now is to show that H,., H,, and Hy are C*°, which would yield that / is
C®°. We already know that / is uniformly C*° along W* and WW", and hence so are
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H., H,, and H;. Thus it remains to study the derivatives for each of these maps along
wWe.

We will now prove that the derivatives of H,, of any order along WW¢ exist and are
continuous functions on T¢ by term-wise differentiation of (3.3), and thus we will
show that H,, is uniformly C*° along W°.

First we observe that the Lyapunov exponents of || Df|¢c|| are zero with respect to
any f-invariant measure. Indeed, a non-zero Lyapunov exponent implies exponential
expansion/contraction by f inside the leaves of WW¢, more precisely, existence of
x € T? and y € W¢(x) such that dist(f"x, f"y) decays exponentially as n goes to
oo or to —oo. Since conjugacy & is Holder this yields similar exponential decay of
dist(L"h(x), L"h(y)), which is impossible as h(y) € W¢(h(x)).

The fact that the Lyapunov exponents of || Df|gc| are zero with respect to any
f-invariant measure is well-known to imply that || Df"|gc|| grows sub-exponentially,
that is, for any ¢ > 0 there is C; such that

IDf"|gc|l < Cpe®™ foralln €N, (3.5)

see e.g. [33]. It follows that the norms of all higher derivatives also grow sub-
exponentially, see e.g. [8, Lemma 5.5]: for each m and § > 0 there exists a constant
K. such that

I f”||C£VC < Ks¢e" foralln €N, (3.6)

where ||g||C€v . denotes the supremum of all derivatives of g of orders up to £ along

the foliation W°.

Since ||L;; 'l < 1, the above estimate yields that term-wise differentiation of any
order of (3.3) gives an exponentially converging series. Hence the derivatives of H),
of any order along ¢ are continuous functions on T¢, that is H,, is uniformly C*
along W¢. We have already established that H,, is uniformly C°° along WW* and W*,
and so we conclude that H,, is C* on T¢ by Journé’s lemma [17]. A similar argument
using differentiation of (3.4) shows that H is C*° on .

We remark that term-wise differentiation can be used to establish smoothness of
H, and H, along W* and of H; and H, along YW, but not of H, along WW" or Hj
along W*.

3.5 Global smoothness of the center component

In this section we complete the proof of Theorem 1.3 by establishing global smoothness
of H.. While H. is a fixed point of the operator 7, given by (3.2), T, is not a contraction
on CO(T9, E). We will show, however, that H, can be expressed by a series similarly
to H, and H; in the sense of distributions

H.=Y L*(Gco fY). (3.7)

k=0
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More precisely, we consider the distribution space D of E°-valued functionals w on
the space of C™ test functions 7 : T¢ — R with zero average with the vector-valued
pairing

{w,m) =/ n(x)w(x) dp(x).
Td

We also fix a norm |.| on E€ to estimate the magnitude. We need the space of C*°
test functions only for the formal definition of distributional derivatives. All estimates
in the proof will be done for a Holder continuous 7 and all distributions will be shown
to be defined on the space of Holder continuous test function.

To verify (3.7) we iterate equation (3.1), H, = L;l (H¢ o f)+ G, and get that for
any j € N,

j—1
He=Y L*Geo fY)+ L/ (Heo f7). 3.8)
k=0

Since L, is conjugate to an orthogonal matrix, | L.’ | is bounded uniformly in j.
Since (f, u) is mixing, as isomorphic to (L, m), we can estimate the last term in (3.8)
as

WL (He o f7), m)l = L (Heo f7,m) < ILZ |- 1(He o f7,m)] = 0O

as j — oo for any Holder or L? function  with 0 average, and we conclude that

(He,n) = <ZL;"(GC o f*). m > (3.9)

k=0

Now we will prove that H, is C* on T¢ using a regularity result from [10, Corollary
8.5], which yields that it suffices to show that the derivatives of H, of any order along
WE, W*, and W* are distributions dual to the space of Holder functions, i.e., their
norms can be estimated by the Holder norm of a test function. Recall that the derivatives
of H, of any order along VV* and W* are continuous functions by uniform smoothness
of h along W* and W*" established in Sect. 3.2. This can also be seen by term-wise
differentiation of the series for H.. To complete the proof of smoothness of H., we
will now show that the derivatives of H, of any order along W€ are distributions dual
to Holder functions. We use the following result which says that L has exponential
mixing on Holder functions.

[26, Theorem 6], [11, Theorem 1.1] Let L be an ergodic automorphism of a torus,
or more generally of a compact nilmanifold X. Then for any 0 € (0, 1] there exists
p = p(0) € (0, 1) such that for all g, g1 € C?(X)andn € N,

/Xgo(X)gl(L"(X))dM(X) = </X godWL) (/x 81 dM> + 00" llgollcellgillce)-
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Since the bi-Holder conjugacy 4 maps the volume p to the Lebesgue measure m
and preserves the class of Holder functions, the same holds for (f, 1) in place of
(L, m).

We fix £ € N and for a smooth function g on T¢ consider its partial derivative D¢ 8
of order £ along WW°. We will use the same notation for distributional derivatives along
W¢ (see [10, Section 8] for a detailed description of distributional derivatives in the
context of foliations). Using equation (3.9) we obtain the formula for distributional
derivative of H,,

(DEH,. n) <Z DYL(Geo f1), n> (3.10)

k=0

Since G, and f are smooth, the terms Df(LC’k (Geof k )) are continuous functions.
Now we estimate these pairings in terms of the Holder norm of 7.

We will use smooth approximations of n by convolutions with a smooth kernel
ne. = 1 * ¢.. More precisely, we fix a smooth bump function ¢ supported on the unit
ball and define ¢, (x) = ¢~ %¢(x/¢), so that we have

60 >0, /T 6o =1, lpelce = &~ @HO 6]l oo

Then for any 0 < 6 < 1 and ¢ € N we have the standard estimates of the norms
for any 6-Holder function 7,

Ine —nlico < & lInlle and

- (3.11)
Inellce < cee @ lnllo for€ €N,

where ¢, is a constant depending only on £.
We split  as e + (1 — n,) and estimate the corresponding pairings.

UDELTH(Ge o 5, ne)l < IL7KI- UDE(G e o £5), 1e)]
= ILZ*) - (G o f*, Dine)l .

Since | Dinello < [IDEnelli < lImellcest, using the exponential mixing and (3.11)
we can estimate

G o £ nE < K1 p* 1Gella 1D nello < Ka p*e =TI G llg Inllo -
Since ||L;k || is bounded we conclude that
HL5(Ge o £595¢, n)l < K3 pke ™D G g HInllo - (3.12)
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Now we estimate the pairings in (3.10) with n — 1. We use an estimate on norms
of compositions of C* functions

lhoglee < Mellhllce(1+ liglce)”,

which follows, for example, from Proposition 5.5 in [7]. Thus we have

UDEL(Geo f5), (= ne))| < ILZ*DEGe o Yo - 10 = ne)llo
<UL 1Geo fHllee - €% lnlle < Ks [ Gellee (L+ 17 llee, )l

Now using (3.6) we obtain

LK (Ge o £ (=)l < Kge™ e - [|Gellce - Inlle
= Ke&" |Gellce - IInlla.  where & = %/, (3.13)

We choose ¢ = e(k) = pk/@d++D) 5o that pke~@H+D = pk/2 to obtain expo-
nential decay in (3.12). Then we take § > O sufficiently small so that

£ = ezapé/(2(d+é+l)) <1,

which ensures exponential decay in (3.13). Noting that p'/? < & < 1, we combine
(3.12) and (3.13) to get

WL K (Ge o f5%¢, ) < K785 - 1Gellce Imlle-

Thus, for any 6 and derivative Df, we obtain exponential convergence in (3.10)
and conclude that |(Df H.,n)| < C|inllg. Therefore Df.Hc extends to a functional
on the space of §-Holder functions. This concludes the argument that H, is C* and
completes the proof of Theorem 1.3.

4 Proofs of Corollary 1.5, Theorem 1.7, and Corollary 1.8

4.1 Proof of Corollary 1.5

We will verify that W€ is sufficiently smooth, in fact that £¢ is C*°. The latter is
equivalent to £° @ £“ being C* since £¢ is the symplectic orthogonal to £ @ EX.

Indeed, if u € £° and v € £° then by invariance of the symplectic form @ we have
that

lwx (v, )| = |@pny (Dy f* (), Dy f"W))] < C| Dy f" )| - | Dx f" ()| — 0
asn — 00, and so wy (v, u) = 0. Similarly w, (v, u) = 0 forany u € £ and v € E".

Now we show that £ @ % is C°. Since f is topologically conjugate to L, the
foliations W* and W?* are topologically jointly integrable in the sense that there is
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a continuous foliation YW = W’ of dimension dim W* + dim W* which is sub-
foliated by W* and W?*. First we note that the leaves of W are uniformly C* by
the following lemma.

Lemma 4.1 [19,Lemma4.1] Let W, and W, be foliations with uniformly C*° leaves.
Suppose that W1 and W, are topologically jointly integrable to a continuous foliation
W. Then W has uniformly C* leaves.

Now to prove that W and hence £ @ £%, is C™ it suffices to show that the
holonomies of WS between leaves of W€ are C*°. By the dynamical coherence of
f, the holonomy of WST“ between the center leaves is smooth as a composition of
holonomies of W* inside W and of W* inside WW. We claim that the latter, and
similarly the former, holonomies are C*°, since W* is a C* foliation inside the leaves
of W€ For this we note that, as we already observed in the proof of Theorem 1.3,
Df|ec has sub-exponential growth, as the exponents of f along £¢ are all zero. This
implies that f is so called strongly r-bunched for any r and thus the leaves of W
are C*° [30]. It also implies that D f|ges has sub-exponential growth and so applying
the C” Section Theorem [16, Theorem 3.2] as for example in [20, Theorem 3.7 and
Proposition 3.9] we obtain that YW is C*° along the leaves of W.

4.2 Proof of Theorem 1.7

It is clear that smooth conjugacy implies (1)—(5). Then it suffices to show that all other
items imply (4) and that the topological conjugacy in (4) is bi-Holder, so that Theorem
1.3 applies and yields smoothness.

The implication (1) = (2) is clear and the implication (2) = (3) follows from
the next result by Avila and Viana:

[1, Theorem 8.1] Let L be as in Theorem 1.7. Then there exists a neighborhood U
of L in the space of CV volume preserving diffeomorphisms of T¢ such that if f € U
is accessible then its center Lyapunov exponents are distinct.

The (topological) joint integrability of WW* @ W" means that the accessibility
classes, i.e., the sets of points that can be connected to each other by an su-path, are the
leaves of W31, thus (5) = (3). The implication (3) = (4) was established in [31,
Section 6]. For a perturbation f which is not accessible, it was proved in [31, Section
6] (cf. [1, Remark 8.3]) that f and L are conjugate by a bi-Holder homeomorphism
h. This completes the proof of Theorem 1.7.

4.3 Proof of Corollary 1.8

Combining the above proof of Theorem 1.7 with Corollary 1.5 we conclude that smooth
conjugacy in this case is equivalent to (1)—(5). A smooth conjugacy also clearly implies
(0) and (6).

For a symplectic f the Lyapunov spectrum is a symmetric subset of R, that is, the
Lyapunov exponents come in pairs A, —A. Indeed, let @ be the invariant symplectic
form. Since w is non-degenerate, each Lyapunov space £ is not symplectic orthogonal
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to at least one Lyapunov space £/. Then for suitable vectors v; and v ; in these spaces
we have by invariance that

0 # wx (v, vj) = wf”x(Dxfn(Ui)’ Dxfn(vj))-

This implies )»if + )ch = 0 as otherwise the right hand side must go to 0 under
forward or backward iterates.

Since £¢ is symplectic orthogonal to £° @ £, the argument above also shows that
the center exponents are of the form A, —A, and thus (0) = (1).

Finally, (6) implies (5) or (0) by a result of Hammerlindl [15, Theorem 1.1]: if
£5 @ &% is C! and not integrable, then a center exponent must be qual to the sum of a
stable one and an unstable one. We let

2¢ = min |[af]— 5| > 0.
AiFEA

If f is sufficiently C! close to L then the similar minimum for f is at least & while
the center exponents satisfy IAZ | < e. Then, by the symmetry of Lyapunov spectrum,
the equation )LZ = )»lf + )»f can only hold in the case A; + A; = 0, yielding (0).

This completes the proof of Corollary 1.8.

5 Proof of Theorem 1.1
5.1 Outline of the proof

The main part of the proof is establishing smoothness of the leaf conjugacy transversely
to the center foliation. This is similar in spirit to proving smoothness of the conjugacy
along the stable and unstable foliations in Sect. 3.2. However, in absence of a true
conjugacy, the argument with holonomies and normal forms becomes more difficult.

As before, we denote the stable, unstable, and center sub-bundles for L by E*, E¥,
E€, and the ones for f by £%, &4, £¢. Similarly, we use W and )V for the corresponding
foliations for L and for f respectively.

We recall that by the structural stability of partially hyperbolic systems [16, Theo-
rem 7.1] there exists a leaf conjugacy £, that is, a homeomorphism close to the identity
which maps center leaves to center leaves and conjugates f to L modulo the center foli-
ation. Further, it maps center-stable leaves to center-stables leaves and center-unstable
leaves to center-unstable leaves. Such a leaf conjugacy is not unique and to establish
global smoothness, we choose a specific  using the global coordinates on T¢. Denote
by h: RY — R? the lift of & to the universal cover, where we have a direct splitting
RY = ES @ E€ ® E" and hence we can use (s, ¢, u)-coordinates

h(x) = h(xy, X, xu) = (hy(x), he(x), By (x)).

In the notations i(x) = x + H Ex) of Sect. 3.4 this corresponds to fl*(x) = Xy +
Hi(x), * = s, c, u. It well-known (and clear from the proof of [16, Theorem 7.1])
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that even though £ is non unique, the coordinates 4, and &, are, in fact, unique. They
are uniquely determined by (3.3) and (3.4). This property is known as “uniqueness
transverse to the center”. While /. is not unique, we can take /.(x) = x., which
corresponds to setting H¢ = 0. This choice adjusts a given leaf conjugacy only
along W€, and hence the resulting / is also a leaf conjugacy, provided that it is a
homeomorphism. To show that 4 is injective we note that it still maps different center
leaves to different center leaves. Hence if 4(x) = h(y), then y € W€ (x). Therefore
he(x) = he(y) yields that x = y since W€(x) is transverse to E® @ E". Also h is
surjective since it is homotopic to the identity. We conclude that / is a homeomorphism
and a leaf conjugacy.

Note that . is obviously smooth. Because / sends center leaves to center leaves,
if x varies in W¢(xq) then h(x) varies in W¢ (h(xo)) and, hence, the coordinates 7
and h, do not change. In the same way, if x varies in WW*(xo) then h(x) varies in
We (h(xp)) and, hence, the coordinate &, does not change. And when x varies in
W (x0) the coordinate /; does not change. Hence, to prove that & is C* it suffices to
show that /1 is uniformly C* along W*. This is done in Sect. 5.2 below. Similarly,
h,, is uniformly C* along W*, which completes the proof.

5.2 Smoothness of hg along WW*

In this section we give modifications needed to carry out the arguments from Sect. 3.2
in the case of leaf conjugacy. The main part is to establish the following generalization
of Proposition 3.2.

Proposition 5.1 Let L : T¢ — T¢ be a partially hyperbolic automorphism which is
diagonalizable over C. Let f: T? — T be a sufficiently C'-small perturbation of
L. Let {®},cre be normal form coordinates for f on W*, as in Theorem 2.3. For
any x € T and y € W€ (x) the center holonomy Hy,y : W'(x) = W(y) preserves
normal forms, that is, the map

DyoHyyody! 1 E — & isin Py,

the group of sub-resonance generated polynomial maps defined by Ly = L|Es.

Proof As in the proof of Proposition 3.2, we consider the mapping tori and the corre-
sponding suspension flows f’ and L’. Then the leaf conjugacy &, which was chosen
in the previous subsection, induces the leaf conjugacy h: M f — Mj between the
suspension flows given by hx,1) = (h(x),1).

We recall that L is diagonalizable and all its eigenvalues on E¢ have modulus 1.
Hence we can decompose E¢ = @V as the direct sum of eigenspaces corresponding to
eigenvalues 1 and —1 and of L-invariant subspaces corresponding to pairs of complex
eigenvalues e*>7% We will consider center holonomies corresponding to each of
these subspaces separately. We fix one of the subspaces corresponding to a complex
pair and write V = V; and 6 = 6;. The case when V is an eigenspace of 1 or —1 can
be considered s1m11ar1y using L2 in place of L/,

For any v € V we again consider the translation H,(x) = x + v, x € T¢, which
embeds as t+ = 0 level of the map H : Mp — Mj. The map H commutes with
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L'/ the time 1/6 map of the suspension flow. Since & is not a conjugacy, we will
first consider the normal forms for a different dynamics on M y. Denoting

' =h'oL' oh forteR,
we obtain a continuous flow on M y. We fix v € E€ and define the homeomorphism
g:gvzﬁ_loﬁvoﬁ
which again commutes with ¢'/%. However, ¢ and g may not preserve the foliation
W?. Since h is a leaf conjugacy, the homeomorphisms ¢' and g preserve foliations
W€ and W€, and they differ from f’ and from a center holonomy between strong
leaves respectively, by “adjusting along the center”. More precisely,
¢'(x) e W(f'(x)) and g(x) € W(x).
Now we define smooth extensions F’ and G of ¢’ and g. They reflect the behavior

of f* and of the center holonomies between the corresponding strong stable leaves.
We fix x € My and for each ¢ € R we define

FLoWi () = W) as i =Hpw 0 ' 1y
where Hgy(x) is “holonomy projection”along W inside the leaf of Y/ that is
Hy = HE WS (x) — Wo(x) givenby H,(z) = We(z) N W (x).
Note that H, is globally defined on WSS since the leaf conjugacy & maps the leaves

of W¢ and WSS to those of W€ and W<, Also, since ¢'(y) and f(y) are on the same
leaf of W, we can also express F as

Fr=Hpwgw o f s - W@ > W @), .1)

where H, y : WH(x) — WS (y) denotes the usual W holonomy. Similarly, for any
x € My, we define

Gy W (1) = W' (g(x) as G = Hg(w) © &lyps -

Since ¢!/ and g commute, it is clear from the definitions that the extensions also

1/6 1% o Gy. Again, as g(y) € WF(y) we see that G,

commute: Gy o Fi' = Fy(
coincides with the center holonomy

Gy = Hygx) : W (x) = W (g(x)). (5.2)
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Since W¢ is a C foliation, Hy ) and Hy g(x) are C*, and thus both F! and G,
are C*° diffeomorphisms.

Now we construct normal forms for the extension F’ and show that G preserves
them. To apply Theorem 2.1, we locally identify WS (x) and 55 and obtain the cor-
responding smooth extensions F’ and G of ¢’ and g, respectlvely, defined on a
neighborhood of the zero section in & = £*. We claim that the derivative of F’
at the zero section is a contraction which is close to the linear flow L, provided that
f is sufficiently C! close to L. Indeed, differentiating (5.1) at x we obtain

DoFy = D Fy = Dyt H g1 (0,6t ) © Df g -

If f is sufficiently C' close to L then & is C” close to the identity, and hence ¢’ is
CO close to f*. Thus ¢ (x) is close to f7(x) and hence the derivative of the holonomy
H f1(x). ' (x) is close to the identity. Thus Do F! is close to Df| &s(x)» Whichis close to

L' In particular, Do F! is close to L and, as F is C*, we can now apply Theorem 2.1
with F = Fland A = Ly = L|ps to obtain a family of local normal form coordinates
@, for Flon &°.

Since all maps F' commute, the second part of Theorem 2.1 implies that ®, are
also normal form coordinates for the whole one-parameter group {F'}. Hence by the
identification we obtain local normal form coordinates ®, for F' on W*. Then we
can extend ®,, as in the Remark 2.2, to get global normal form coordinates on the
whole leaves P, : V~V; — c‘:’; Indeed, while F! may not be a global contraction, for
any bounded set B C W;, the set F'(B) will be in a small neighborhood of ¢" (x)
for all sufficiently large n, and hence we can define @, on B by

@y = (P o gy 0 FY.

Since the extension G is also C*® and commutes with F1/ 9, the second part of
Theorem 2.1 implies that G preserves the normal form coordinates for F' on Wi, ie.,
Goxy0 Gy o dD;l € Py, the sub-resonance group given by A = L;. By (5.2), G, is
the holonomy Hy ¢(x) : W (x) — WS (g(x)) and we conclude that

cbg(x) o Hx,g(x) o q);l S 'PLS.

Recall that E€ = @V;. The above conclusion holds for g, = h~' o H, o h, where

v is any vector in any V;. We decompose any vector w € E€ as the sum w = ) v;
and note that the holonomy H,, is the composition of the holonomies H . Therefore,
gw = h~' o Hy, o h preserves normal forms as the corresponding composmon of the
maps g, . Since for any x € M and any y € W¢(x) we can take w = h(y) — h(x) so

that g,,(x) = y, we conclude that any center holonomy map Hy y : WS (x) — WH( y)
preserves normal forms.

Considering ¢ = 0 level of the suspension M y we obtain this result for T: for any
x € T4 and any y € W¢x)

DyoHyyod, ! & — &) isinPL,.
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Finally, we note that by (5.1) we have F! = H f(x).¢(x) © flWs(x)- Since both F!
and the holonomy are in P, we conclude that sois f'|yys(x). Therefore, {®,}, e are
normal form coordinates for f on WW*, as in Theorem 2.3. This completes the proof
of Proposition 5.1. O

Now we show that /; is uniformly C*> along WW*. We fix a point x € T¢ and
consider the map

hy i Wi (x) > W¥(h(x)) givenby hy = Hf . ohlys).
where H,f(x) is the linear projection inside W (h(x)) to W¥(h(x)) along W€. We will

prove that hy is uniformly C°. This will show that the component 4, is uniformly
C®° along the leaves of W, as it is easy to see that he = hy [Ws (x) under the natural
identification of W* (h(x)) with E€.

We fix y € W¥(x) and take a sequence of points y, € W¢(x) converging to y.
This can be done since the leaves of the linear foliation W¢ are dense in T¢ and
the fact that the leaf conjugacy & is a homeomorphism which sends WW¢ to W¢. We
consider holonomies Hy y, : W*(x) — W?*(y,) of W€ inside W*. We claim that the
holonomy maps H, y, converge in C 9 to the map H,. y i WP (x) — W?*(y), which is
conjugate by h, to linear translation Hj; in W¥(h(x)) by the vector

b= hye(y) — hy(x) = he(y) — h(x).

Indeed, since y,, € W€(x) converge to y, h(y,) € W€ (h(x)) converge to h(y). The
corresponding linear center holonomies Hjx), n(y,) for L are translations H,, by the
vectors v, = h(y,)—h(x) and thus convergein C U'to the translation H, : W¥(h(x)) —
W*(h(y)) by the vector v = h(y)—h(x). Composing with the translation H;_,,, which
is also a linear center holonomy, we see that

H;_y o Hy(x), h(y,) convergesto Hy: W*(h(x)) — W*(h(x)) = Ws(ﬁx(y)),
and that the map
(ho) ™" o Hy o hy : W (x) > W (x) = W' (y)

is the limit H, , of the holonomies Hy y, : W (x) — W (yn).

Once we have this convergence of H, ,, to H, y and Proposition 5.1, we can
use the same normal form argument as in Sect. 3.2. Indeed, we again obtain that
P, = @y, 0'Hy y, o d; ! and their CO limit P = &y o H,y o ®; ! are sub-resonance
generated polynomials. Identifying WW* (x) with £ by &, we obtain that P is in the
Lie group P, generated by the translations of &Y and the sub-resonance generated

polynomials. Then h defines the continuous homomorphisms
ne ES — Py givenby nc(d) = (hy) "' o Hy o h,
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which are C°°. This yields that fz;l and hy are C® diffeomorphisms that depend
continuously on x in C*° topology.

This shows that 4 is uniformly C* along WW* and completes the proof of Theo-

rem 1.1.
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